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Symp8is:Werevisitthegloballycoupledmaplattice(GCML)andalsopropose
anewextendedgloballycoupledmaplattice(EGCML)withaninversepower
lawinteraction.InGCMLweclarifythemechanismofthebasicposi-nega
switchinthetwo℃lusterregime.Weshowthatthereisanaturalmechanisnin
GCMLwhichguaranteesnomixingofmapsacrosstheirmeanfieldinthe
chaotictransientprocess.IntheturbulentregimeofGCMLthereisaprominent
periodthreewindow.Inthecorrelatoranalysiswealsofindaremnantof
periodicmotionofquasi-clusterswithhighratemixingalmosteverywherein
theturbulentregimeofthelarge-sizeGCML.Theso-calledhiddencoherence
isthemostmodestremnant.TheEGCMLsharesthesameintriguingproperties
withGCMLandexhibitsanamazingspatialclusterformationduringthe
chaotictransientprocess..Ananalyticapproachisproposedwhichrelatesthe
periodicitymanifestationintheturbulentregimeofGCMLtotheperiodic
windowofasinglelogisticmap.
Keyword8:GloballyCoupledMaps,PowerLawInteraction,PeriodicWindows,
Posi-negaSwitchMechanism
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1.INTRODUCTION
Recentlytherehasbeenmuchprogressinthestudyofsynchronizationofnonlinearmaps
{1-4]andflowsl5-10|.Th三smayleadtotheclarificationoftheintelligencesupposedtocome
fromthesynchronizationamongtheneuronsintheneuralnetwork,e.g.[111.Especiallythe
globallycoupledmaplattice(GCML),asystemofidenticalmapscoupledviatheirmean
field,hassurprisinglyrichclusteringphasesinthespaceofthenonlinearityparameter
andthecoupling.Intheorderedtw(>clusterphase,GCMLexhibitsaposi-negaswitch
betweenclustersofsynchronizingmapscontrolledbyexternalinputs[1】.Furthermoreeven
intheturbulentregimethereemergessomehiddencorrelationwhichwasfirstobserved
astheviolatignofthelawoflargenumbers(LLN)inthe且uctuationofthemeanfield
inthetimeseries[2,12].GCMLisanaturalextensionofthespin-glassmodels[13,14】
andtheseinterestingfeaturesmayberelevanttotheintelligenceactivity.Allth『mapsin
GCMLcontributetothemean丘eldwi七hanequalweightandhencethereisnonotionof
distancebetweenmaps.ItisconjecturedthattheintriguingpropertiesofGCLM,boththe
posi-negaswitchandthehiddencoherence,comefromthisbonafidescalinginvarianceof
GCML{1・,2].However,neitherthereasonwhythereoccurscompleteswappingofthemaps
betweenclu$tersintheposi-negaswitchinthetw(テclusterphasenortheglobalfeature
oftheturbulentphasehasbeenelucidatedso]far.Thepurposeofthisarticleistwofbld.
Firstly,werevisitGCML.Weshowthatthereisanaturalmechanismwhichguaranteesthe
completeswappingofmapsinthetwo-clusterposi-negaswitch.Thekeytothismechanism
isthemotionofthemeanfieldduringthetransientprocess.Weshowthateventhough
wholemapsarereleasedfromtightlysynchronizingclusterstochaoticviolentmovements
duringthetransientprocess,stilltheynevermixacrosstheirmean丘eld.Weclarifythe
mechanismforthisphenomenon.Wealsoperformanextensivesurveyoftheturbulent
regimeofGCML.Weshowthatthisregimehasaprominentperiodthreewindowandis
fullofperiodicityremnants.Acorrelatoranalysisdetectsquasi-periodicclusterswithhigh
mixingrateamongthemalmosteverywhereintheturbulentregimeofthelarge-sizeGCML
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Theso-calledhiddencoherenceoccursin-betweenthereg三〇nsofthequasi-clustersandthe
valleyswithnoviolationofLLNasthemostmodestappearanceoftheperiodicityremnants.
Secondly,weconstructanewextendedgloballycoupledmaplattice(EGCML).Our
EGCMLisatwo-dimensionalmaplatticeandthemapsareunderall-to-allinteractionas
intheGCML.Butinsteadoftheunif()rminteractioninGCML,theinteractioninEGCML
obeysaninversepowerlawwithrespecttothedistancebetweenthemapsonthelattice.
EGCMLlocatesatanintermediatepositionbetweenthenearestneighborcouplingmap
modelandtheGCMLψithunifbrminteraction.ThusEGCMLfacilitatesatestwhether
thesalientfeatureofGCMLisduetothescaleinvariantinteractioninit.We丘ndthat
EGCMLindeedinheritstheintriguingpropertiesofGCMLthoughtheyturnoutdiffuse
tosomeextent.Forinstance,inthetw(FclusterphaseofEGCML,thetwoclustersfbllow
thesamebifurcationtreewiththatofGCMLwhenthepopulationunbalancebetweenthe
clustersareincreasedbutthesynchronizationofmapsineachclusterislooserinEGCML
thaninGCML.WealsoobserveintheturbulentregimeoftheEGCMLthesameperiodic
windowaswellasthequasi-periodicclusterswithhighmixingrate.
GCMLexhibitsthebasicposi-negaswitchaswellasmoreintricatecontrolledswitches
amongcodedclustersatvarioushierarchicallevelsinitssimplestconstruction[1|andcer-
tainlyservesasamodelfbrintelligenceactivity.Buttheveryfactthatitisasystem
ofgloballycoupledmapswithanequalcouplingmakesitlosethenotionofthedistance
betweenmaps.Inawayitisazerodimensionalchaoticfieldtheory.Apartfromtheintel-
ligenceoneisinterestedtoknowwhatisthe(classical)丘eldtheoryofchaoticmapsonthe
latticeatcriticality.Inthisaspectthesynchronizingmapsonthelatticemayberegarded
astheanalogofHiggscondensationinthefieldtheory[8,9|.WecanuseEGCMLtoseetheイ
generaltrendhowthespatialclusteringofmapsoccursunderthescaleinvariantinteractionロ
onthelattice.WefindthatEGCMLdoesexhibitaself-organizedf()rmationofthespatial
clusters(condensation)duetothesynchronizationbetweenthemapsduringthechaotic
transientprocessintheswitchandafterit.IntheEGCMLswi七chthepositive(negative)
clusterbecomesnegative(positive)evolvinginthesametw"clusterattractorasbeforewith
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onlyafewpercentchangeofthepopulationunbalancebetweenthetwoclustersinmostof
theruns.However,thereoccursthemixingofmapsbetweentheclusters.
Theorganizationofthisarticleisasfbllows.InSec.IIwepayattentiontotwoimportant
rulesintheGCML.Thesearethereciprocityofthecouplingsamongthemapsandan
invariancerulethatthemapsdonotchangethelrmean丘eldundertheinteraction.We
thenconstructEGCMLbasedontheserules.InSec.IIIwecomparethephased輌agrams
ofbothmodelsandshowthattheyarealmostthesameeachother.InSec.IVweanalyze
thetw(>clusterregimeofbothmodels.FbrtheGCMLweclarifyhowthebasicposi-nega
switchbetweentwoclustersinthetwo-clusterregimecanberealized.Wethentumto
EGCMLandinvestigatetheswitchprocessinit.Weshowthatamazingspatialclusters
arefbrmedduringthechaotictran'sientprocessintheswitch.InSec.Vwepresentthe
resultsofanextensivestatisticalanalysisoverthewholeturbulentregimeofbothGCML
andEGCML.Weshowthatevenintheturbulentregimethemapsareundercoherence
withvariousmanifestationsofperiodicityeffect.WeconcludeinSec.VI.
II.MODELCONSTRUCTION
Thecoupledmaplatticemodelingeneralisasystemofone-dimensionalfieldonalattice
Awithnumberofsites/Vwhichevolvessimultaneouslybyaniterationofthefollowingtwo
steps:
Xp(n)ト→f(Xp(n)) .
∫(Xp(n))トトヰ ≡Xp(n+1)=(1一 ε)f(Xp)+・2])」PQf(XQ)・∀P∈A・(2・1)Q∈A
Inthefirststepallxponthelattice(calledas`map,conventionally)aresimultaneously
mappedbyanonlinearfunctionf.Thefunctionfcouldbedifferentsitebysitebutwe
considerherethesimplestcasethat∫isasimplelogisticmap∫(x)=1-ax2commonto
allsites.Inthesecondstepthemapsundergointeractionbetweenthemselves.TheIV×1V
constantmatrix(JpQ)representsthecouplingbetweenthemapsatPandQonthelattice
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andtheparameterεisanoverallcouplingconstanしThusthemodelinthesimplestform
hasonlytwoparameters,thenonlinearparameterαandthecouplingconstantε .Ifwe
rewrite(2.1)intermsofyp≡ ∫(xp),weobtain
・`∫((1-・)・+ 惹 』 ・),(・ ・)
whichisafamiliarformintheneuralnetworkanaly6isl13,141.
A.Thegloballycoupledtnaplatti6e:GCML
I・GCML【1】wec・n・id・・Nm・p・ 。。(P∈A)whi。h。v。1。。 。。
xp=(1一 ε)∫(Xp)+ε〈f>,(2.3)
where〈∫>isthemeanfieldonthelattice
〈∫〉≡遮 ∫(・・)・(…)
ThusthecoupllngmatrixofGCMLiss三mply
l
J・q=万,P・Q∈A(2・5)
andclearlysatis丘esthereciprocity
(1)JPQ=」 ζ～P・(2.6)
From(2.3)and(2.4)wecanalsoderivearelation
(II)Σ φ=Σ ∫(Xp).(2.7)
P∈AP∈A
Thisrelationguaranteesthatthemean丘eldvalueiskeptinvariantwhenthemapsundergo
theinteractionatthesecondstepoftheint'eraction.Thesetworelationsserveasagui(letg
constructthemaplatticemodelsingeneraLLetusexaminetheimplicationoftheinvariance
rule(II).Thenonlinearityoffgenerallymagnifiesthevarianceamongthemaps.Therefbre,
1・
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thefirststepmayberegardedasa∂ 〔ゾlocusinglenswithsomerαη∂omρ 南m5installedinit.
Thelargertheparameterals,themorestronglythedef()cusinglensactsonthesystemof
maps.Inthesecondstepevery∫(xp)ispulledtothemean丘eld〈 ∫>atafixedrate1一 ε.
Thusthesecondstepactsasafocusinglens.Thelargerthecouplingεisthemorestrongly
thefbcusinglensacts.Since(2.3)isaconf()rmalcontractiontransf()rmationthepositionof
thecenterofmαss〈 ∫>ofthesystemiskeptinvariantduringtheinteraction.Thisiswhat
theinvariancecondition(II)implies.Thankstotheinvarianceconditionthe且uctuation
ofthemean丘eldofthemapsiscausedonlyatthefirstdef()cusingprocess.Themapsin
GCMLevolveintimerepeatingthistwo-stepprocessofdefocusingandfbcusing.Under
thebattleofthetwocon且ictingtendenciesthemapseventuallyf()rmanattractorinwhich
fluctuationsamongmapsismaximallysuppressedbytheaveragingeffectoftheinteraction
viathemeanfield.
Whatistheconditiononthecouplingmatrix/pQforageneralmapmodelofthef()rm
(2、1)satls丘estheinvariancecondition(II)?Bysummingup(2.1)overPandusing(II)we
obtainarelation
.黒 ∫(・P)惹.(忍輌)∫(・Q)・(2・ ・)
Atanystepoftheiterationthismusthold.Thusthenecessaryandsuf五cientconditionon
thecouplingJpQis・ 　 '
Fromreciprocity(1)this
「?
?
ΣJ・Qニ1,
P∈A
isequivalent o
ΣJPQニ'1,
Q∈A
∀Q∈A.'
∀」P∈A:
(2.9)
(2・10)
・,
、B.Tllenearest-neighborcouplinglatticemode1
Thistypeofamodelisknowntoshowaninterestingspatialclusterfbrmationsimilarto,
thespinglass[31.Ontheotherhand三tisalsoknownthatthe三nterestingtwofeaturesofthe
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GCML,i.e.theposi-negaswitchandhiddencoherencearelost.Nonetheless三tisinstructive
tocheckthatthismodelsatisfies(1)and(II)likeGCML.Letusdenotethesu田atticeofA
asλpwhichisasetofthenearestneighborsitestoＬPincludingPitself.Themodelis
φ=(1一 ε)∫(Xp)+ε〈∫〉,(2.11)
where〈∫>isthemeanfieldofthemapsinλpatP,i.e.
〈∫〉-Niλ)
。蕊 ∫(XQ)・(212)
Thecouplingmatrixisthen
ノ戸Q=
」vtTt)ife∈λP
OifQ¢ λP
(2.13)
whereIV(λ)isthenumberofmapsinthesub-latticeλindimensiond.Butif(g∈Ap,then
P∈AQ.HenceJpQ=JJQpandthecondition(1)follows.Alsowehave
惹 与・一、碁。rt,)-1・(・ ・14)
and(II)follows.Notethattheinteractionrepresentsadiffusionprocess.Fbrinstancein
d=1wecanrewrite(2.11)and(2.12)as
・多 ∫(y・+i(yp+1・+yp-・一 y・)),(・ ・15)
andthesecondtermisnothingbutthelaplacianontheone-dimensionallattice.、
C.Anextendgloballycoupledmaplattice:EGCML
Wenowwishtoconstructthefollowingmodel.Firstlyitmusthavealltoallinteraction
andsatisfytherelations(1)and(II)inordertohavethesamedefocusingandfbcusing
dynamicsasintheGCMLSecondlywewishtoinvestigatetheconsequenceofdistance
dependentinteraction;inparticular,wewishtoknowtowhatextentthesalientfeaturesof
theGCMLsuchastheposi-negaswitchorthehiddencoherencedependonthefactthat
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themodelisscaleinvarianttriviallybytheabsenceofdistancescale.Dothesefeatures
disappeariftheinteractionbetweenthemapsdecreaseswithdistance?Certainlyatthe
nearestinteractionlimit,weknowneithertheposi-negaswitchnortheviolationofthelaw
oflargenumbersoccurs.Mostcrucialcaseistheinteractionwhlchdecrea£eswithdistance
butinapowerlaw.Incontrasttotheexponentiallawthisdoesnotintroducethelength
scaleandyettheinteractionisalltoalLThusthemodelwewould】iketoconstruct三san
extendedGCML(EGCML)inwhichtheinteractiondecayswithapowerlawandsatisfies
theconditions(1)and(II).BelowweshowthereissuchanaturalextensionofGCML.In
thisarticlewechoosed=2fbrsimplicitythoughourconstructiongoesthroughfbrall
d▲mensions.
LetusdenotethesetofsitesatdistanceρfromPasLρ(P)、ThesymbolListhe
mementoof'ooρsinceind=2suchasetis .aloop(infactasquareonthelatticespace)
ofradlusρaroundP.Wedenoteby∫V(Lρ)thenumberofsitesinLρ.F()rd=2,1V(」 乙ρ)=
8ρ(ρ=1,2,…)andN(Lo)=1.Wedenotethemaximalradiusofthelooprealizedin
thelatticeAasκ.ThisistheperiMeterof"thela七ticeandt/()rd=2,κ=[(ノV}-1)/2】.
Tbbeprecisewepresentourresultfbr∧rきoddbutwehavecheckednochangeofresults
、.,.{'・. 一:'}=.㌧ 二 ・;「..
。ccu蛎,N;even.1。 。,d。,t。毛,eat。ll。f{h。、lt。,1。Ad。il,。。 ati。ally。ndt。mi。imize
-.,:1"..
thefinitesizeeffectweimposetheperiodicboundaryconditions.FbranypointPonthe
latticewecalculatetheef[ectofallmapswithinκ.takingintoaccounttheperiodicboundary
condition,TheEGqMListhencompactlydescribedas
、二£'一.・ ド し 、 .,.."
xtp=(1一 ε)∫(Xp)十ε<<∫>>p.(2.16)
　 ヒのヒロエ ロ び
where<<∫>>PatPisgivenby『
'
・ ・ 〈ぐ∫>>
。2£ 〈∫>P,,■ …(・.17)κρ=0
-
、:1!'`〈 ∫㌧N(云)Q、E ,、。,f(・Q)'.・(2・18)
Inwordstheeffectofallthe'mapsonthelatticetothemapatPisdeterminedbyadouble
average.Firstlyanyoneofthemapsatan6qualdistanceρfrom.Pmustaffectthemap
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atPwiththesameweight.Thustheyareaveragedwithanequalweightandthisgives
〈∫>p,ρ.Then,theeffectsofmapswithvariousdistancesfromPmustbeaccountedfbr.In
theEGCMLthls▲sdoneagainbytaklnganequalweightaverageof〈∫>p,ρoverρfromzero
toκwhichgives<<∫>>pasanaturalnon-localextensionofthediffusionprocess.The丘rst
averagemustbeanequalweightaveragetorespecttherotationalsymmetry.Thesecond
averageisagainanequalweightaverage・Itsatisfiestheinvariancecondition(II)asweshow
belOW.
ThecouplingmatrixelementJpQistheweightfactorfbrthe∫(xq)tocontributetoヰ
viathedoubleaverageandisgivenby
1
α ρ一(d-')∀P∈A,q∈L,(P).(2.19)ノPQ=
κN(L,)
ThusinEGCMLanymap∫(xQ)atequaldistanceρfromPcontributeswithanequal
weighttothemeanfield<<∫>>pandtheinteractiondecreaseswithaninversepowerwith
respecttoρfbrd=2・Thereciprocity(1)fbllowsjustasinthenearestneighborcasesince,
Q∈Lρ(P)lsequivalenttoP∈Lρ(Q).Alsotheinvariancecondition(II)canbeprovedas:
ド
Σ 碗=Σ Σ 碗`
Q∈Aρ=OQ∈Lρ(P) ,
-81(蕊
,N(5;))-1(・ …)
亀,
コ コ どロ　 シ
III.PHASESTRUCTUREOFGCMLANDEGCML
'1"
,「 『'.・')・`,
TheGCMLphasediagraminthe・la－ ε.planegiv6nin[1いsfeproducedinFig.la
tofacilitatethecomparisonwiththeEGCMLphasediagram.ForGCMLweanalyzed
statisticallytheclustercompo.si七i no£ハ1=・1000'mapslnthe丘nal・a七tractorfrQm・)OOO
randominitialconfigurationsandweverifiedtheorigipalphase、diagrape.∬hevariousphases
aretheoutcomeofthebattlebetweenchaoticmotionsofmaps(t.hedefbcusinge.ffect)iand
theinteractionviathemeanfieldfbrcingthemapstomovecoherently(thefbcusing・.lens
effect).SincetheGCMLphasestructureiselucidatedinref.【1]werecapitulatehereonly
9
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theessentialfeaturesnecessarilyinthefbllowingdiscuss三〇n.Letusconsideralineatα=1.8
f()rdefinitenesswhichiswell-beyondthecriticalvalueαニL4010fasinglelogisticmapto
thechaos[16】.R)rasu伍cientlylargeε(≧038)themapsinthefinalattractorarestrongly
bunchedtogetherinaclusterandevolveasaunityinthesamechaoticmotionasthatofone
singlelogisticmap.Thisisthecoherentphase.Fbrεintherange【0.22,0.31】theinteraction
v三athemeanfieldcannolongerexertsstrongbunchingandthe丘nalmapsdivideintotwo
clusters.Themapsineachclusterarestilltightlysynchronizingeachother,whilethetwo
clustersmutuallyoscillateoppositeinphase.Thisisasasolutionofaminimumfluctuation
inthemean丘eld.Wediscussthisorderedtwo-clusterphaseextensivelyinSec.IV.
R)rsmallerε,thenumberoffinalclustersincreasesbutthenumberofclustersatagiven
εdoesnotdependonthenumberofmaps/V.Thetypical皿mberofclustersatvariousε
rangesisindicatedinthephasediagram.R)rfurthersmallerε(≦0.15)thebindingofthe
maps三salmostresolvedandthenumberofclustersisproportional七 〇N.Thisregionisthe
turbulentphaseandweextensivelyanalyzethisregimeinSec.V.Finalremarkisthatthe
boundaryvaluesofεbetweenphasessimultaneouslyincrease(decrease)inordertomaintain
thebalancebetweentheconflictingtendenciesifthecouplingαisincreased(decreased).
WeshowinFig.1bthecorrespondingphasediagramoftheEGCML.Weused39×39
maplatticeandanaiyzedstatisticallythefinalattractorconfigurationusingtypically200
runsfbreach(α,ε).1Thereisaremarkableagreementbetweentwophasediagramsexcept
fbrslightshiftsinthephaseboundaries.Forinstance,fbrtheEGCMLatα=1.8,the
coherentphase,theorderedtw(>clusterphase,andtheturbulentregimearerespectively
realizedatε ≧0.38,0.22≦ ε ≦0.31andε ≦0ユ5tobecomparedwiththeboundaries
1WenotethattheEGCMLrunrequiresincreasinglylargecoihputationtimeforlarge-sizelattice
sincethe〈.〈f>>pforeachmapatthelatticesitePmustbeindividuallycalculatedusingtheinverse
powerlaw.F()rN=392EGCML,thenecessaryCPUtimeisaboutahundredtimesofthatfor
GCMLofthesameslze.
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quotedabove.ThisagreementbetweentwophaぶediagramsindicatesstronglythatEGCML
isinthesameuniversa胱yclass【17}withGCML.
IV.THEPOSI-NEGASWITCHINGCMLANDTHEPATTERNFORMATION
INEGCML
A.TheTwo-ClusterRegimeandtheθVariable
Theorderedtwo-clusterphaseofGCMLisrealizedinabandinthea,εparameterspace
withc∈10.2,0.231atαN1.6andc∈{0.28,0.33]atαN1.98(seeFig.1a).Inthisphase,
themapsdivideintotwoclustersaftersometransientstepsfbrmostoftheinitialvalues.
Theclustersoscillatearoundtheunstablefixedpointx'mutuallyoppositeinphaseandthe
mapsineachofthetwoclustersareintightsynchronizatlon.Inordertodistinguishthe
twoclusterswefbllowtheconventionin[1】andnametheclusterwhichtakesavalueabove
(below)♂atanevenstepnfromthe丘rstoftheiterationasthepositive(negative)cluster.
Wedenotethenumberofmapsinthepositive(negative)clusterasN+(1V-)andde丘nethe
populationratioparameterθ≡ ノV+/ノV.Thevaluesofmapsinthepositive(negative)cluster
areunifbrmlyx+(x_)ifthesynchronizationofmapsineachcluster.isreallytight.The
mapsareevolvingintwoclustersrepeatingthetwostepproces§ofmappingandinteraction
andthedynamicsofmapsisreducedto.thatoftwoclusters:・{.・'、 ・.
'
、 ・ 「 ζ'了.苛.・.' .'「'.'・'
x土(n)=(1一 ε)f(x±(n-1))十ε〈∫(n)〉(4.i)
・ ・' ,'.,:'… 、'1:`11」 、:、 r`
andthemean丘eldofmapsattimenisgivenby .:,,「i、..〆,.,・.‥,,
〈∫(・)〉≡ 莞 ∫(叫(・-1))+1)1・f(・二ぴ －i))「・)'一 ・
,』・.『:t':!・ ・'、 ・
=ex+(n)十(1一 θ)x_(n)'
・.・. ..'サ'¶ 「'
=〈x(n)〉(4.2)
wherethesecondequalitycomes丘omtheinvariancecondition(II)fbrthetwo-clustercon-
figuration.Thuswhenasetofthreenumbers,α,εandθisgiventheattractorofthetwo
11
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clustersisuniquelydetermined.F()rthediscussionoftheposi-negaswitchbelowletus
explainthesebyanexplicitsampleinFig.2.Intheleftboxweillustratethemechanismof
Eqs.(4.1)and(4.2)andintherightboxweshowasampleattractoroftwoclustersrealized
atα=1.98,ε=0.3andthecorrespondingmotionofthemean丘eld.Thetwoclusters,
representedbywhiteandblackcircles,evolveintimeundertheiterationofmapping(solid
arrows)andfocusingbyinteraction(dashedarrows).Themeanfield(ashortbar)iskept= .《
invariantundertheinteractionasdictatedbytheinvariancecondition(II)and(4.2).The
firsttimenointhisrunhappenedtobeeven.Hencethepositiveclusteristhewhitecircle
movingas(十一 十 …)andthenegativeoneistheblackcirclemovingas(一十 …).We
seethattheymoveinperiodf()urandmutuaUyoppositeinpha3e.Themean丘eldiscloser
tothenegativecluster,whichmeansthatthepositiveclusteristheminorityclusterandθ
mustbelessthanhalf.Numericallyθ=0.43forthisattractor.Notethatitisprobabilistig
whetherthe丘rsttimenoisevenorodd.Fromanotherinitialconfigurationthesameat-
tractormodutotranslationintimemaybeequaliyreal輌zed.Ifthetranslationisoddsteps
intimewewillhavethesamefigurebutwithnoisnowodd.Thedominantcluster(black
circle)mustbethennamedasthepositiveclusterandθニ0.57byde丘nition.
InFig..3aandbweshowtheattractorsofGCMLandEGCMLatα=1.98andε=0.3
respectivelyasafUnctionofθ.Weused103runsforGCMLand4×103runsf()rEGCML.In
onerunfbrGCML,1Vニ1000mapsareiteratedfromarandominitialconfigurationandto
accountfbrthe丘rsttransientprocessthevaluesofmapsduringthe512stepsafterthefirst
104iterationareplottedatthefractionofmapswithxi(n)>x'.Forinstancetherunshown
inFig.2withnoevencontributesfburpoints(1,1車,3,3寧)atθ=0.43andotherfourpoints
(2,2寧,4,4っatθ=0.57.Thentherun・isrepeatedandtheresultsofallrunsaresuperposed
inordertoseethedependenceoftheattractoronthepopulationunbalancebetweenthe
clusters.Notethatthisisequivalenttoplotthemapsonlyatthelasteven輌terationstepsat
θwhentheresultsfrommanyinitialconfigurationsaresuperposed.TheGCMLattractorin
12
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Fig.3aagreeswiththatfoundinref.[1]2.wheneapproachesanupperthresholdθthfrom
below(oralowerthreshold1一θthfromabove)theattractorundergoessuccessiveperiod
doublingandatthethresholdsthemapsfallintochaos(θth=0.63and1一θ,九=0.37fbr
α=1.98).
R)rEGCMLinFig.3bthe丘nalattractorof/V=51×51mapsismeasuredinasimilar
waybutinordertoshortenthelargecomputingtimenecessaryf()rEGCMLaroutineis
includedintheiterationprogramwhichjudgeswhetherthemapshavefallenintoaperiodic
attractorofacertainperiodTlessthanorequalto260rnot3.Ifthejudgmentconditionis
satisfiedthemapsareplottedatthefractionofmapswithx(n)〉♂onlyduringthenextone
cycleoftheattractorandthenextrunisstarted.Thisnotonlyshortensthecalculationtime
butalsoenablesthestatisticalanalysisofthefrequencyoftheoccurrenceoftheattractors
andofthenuctuationofmapsinagivenattractorsinceindefinitelyduplicatedplottingof
themapsisavoided.Ifontheotherhandthemapsdonotfallintoanattractorallthrough
the104stepsthemapsareplottedfbrthenext512stepsjustasintheGCMLrun.In
EGCMLwe丘ndthatthemapsinaclustersynchronizemorelooselythanthoseinGCML.
ThedispersionofmapsineachclusterisapproxlmatelyO.1fbrallθtobecomparedwith
thegapsizeN1.ObetweenthetwobandsoftheattractoratθNO.5.Eventhoughthe
mapsdonotmixbetweentheclustersinthefinalstableattractorthisHuctuationhidesthe
detailsofbifurcationstructurewithrespecttoθinadirectsuperpositiollofallrunsinterms
2WenotethatthelowerhalfattractorofGCMLin[1】iserroneouslyamirrorimageofthecorrect
one・"1
31ntheiterationIV
+iscalculatedateveryevenstepnandwhenitLstopstovaryduringten
successivestepstheroutineisactivatedatno.ItcalculatesthejudgmentconditionΣ《(¢↓(no十
T)一 ¢・(n・))2〈10-6andi〔thisissatls6ed飴「someT(≦26)themapsa「ejudgedlo・have飽11en
intoanattractorofaperiodT・Ifnot,theroutineisinactivatedandthenextstabmzationof～V+
iswaitedfbr.
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ofthebitmapgraphics.Thuswehavedoneastatisticalanalysisoftheplotdensityand
removedthosepointswithdensitylessthanonepercentofthemaximumdensityfromthe
diagram.Thisprocedureisjustifiedbecausewetruncatedeachrunjustafteronecycleof
theperiodicattractorsothateachruncontr輌butestothepointsontheattractordiagram
withanequalweight.Itwasaremarkableinstanceinthisworkwhenweobservedthesame
bifurcationdiagramwithGCMLturnedoutinthecentralregionoftheEGCMLattractor
(θ∈[0.38,0.62DasisshowninFig.3b.InEGCMLthesynchronizationofmapsinacluster
becomeslooserthanthatofGCMLbutstillthedynamicsof丘11alclustersiscommonf()r
bothGCMLandEGCMLandcontrolledbyθ.WehavealreadyseenabovethatEGCMLis
endowedwithaphasediagramremarkablysimilartothatofGCMLandnowwefindthat
theattractorsinbothmodelsintheorderedtw(>clusterregimearealsosimilar.
Theposi-negaswitchinGCMLusestheabilityofθtocontroltheattractor.Butbefbre
delvingintothedetaildiscussionoftheposi-negaswitchletusexaminetowhatextent
thereductionofdynamicsofmapsisrealized.Ifthereductionisreallyeffectivedownto
twodegreesoffreedom,all/V+(ノV_)mapsinthepositive(negative)ciustershouldhavea
singlevaluex+(n)(x_(n)).ThenEqs.(2.3)and(2.4)shouldreduceto(4.1)and(4.2)or
equivalentlytoa皿atrixcoupledtwormapmodel
?
4=(1一 ε.)f(x+)+ε－f(x-),
⑦こ=(1一 ε+)f(x.)+ε+f(x+),
(4.3)
withε+=ε θandε_=ε(1一 θ).FromtheremarkableagreementbetweenGCMLattractor
(Fig.3a)andtwo-mapmodelattractor(Fig.3c)weseethatinthetw()-clusterphaseof
GCMLthedynamicsoftheIVmapsreducestothatoftwomapsfbrallθbetweenthe
thresholds.
InEGCMLthecouplingJpQisnotasingleconstantbutitdependsonthedistance
betweenPand(?.TheinteractionactsonamapatasitePviathepositiondepen4ent
meanfield<<f>>pwhichisadoublesumgivenby(2.17)and(2.18)contrarytoasingle
sum〈f>givenby(2.4)inGCML.ThereforethereductionofEGCMLtotwomapswefind
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inFig.3brequiresanexplanation.Whatisimportanthereisnottheuniformnessofthe
couplingsbutthescaleinvarianceofthem.InbothGCMLandEGCMLtheinteraction
hasnocutoffscaleandhenceitprevailsoverthelatticeandthemapsare伽cedtosyn-
chronizeamongthemselvesduetotheaveragingeffectoftheinteractionviathemeanfieid.
ThusthepossibledifferenceofEGCMLfromGCMLcorpessolelyfromthevariationofthe
sitedependent<<∫>>paround〈∫〉.Ifthevariationissmallbothmodelswillshowsimilar
attractors.EGCMLisconstructedinsuchawaytoassurethissmallvariancewhenthe
interactionf()rcesthemapstosynchronize.
FirstletusconsiderasimplecasewheretheIlonlinearparameterαissosmallthatthe
chaoticrandomnessineachmapcannotovercometheaveragingeffect.Thenafteriterations
allthemapsonthelatticewillsynchronizeandtakeapproximatelythesamevalueswith
onlyasmallvariance.Ifweignorethisvariance,thevalue∫(xp)commontoallPbecomes
amultiplicativefactortothesumfbrthemeanfieldand<<∫>>p=〈∫>fbllows伽mthe
invarianceconditions(2.9)f{)rGCMLand(2.20)f()rEGCML.InGCMLthevarianceis
.negligiblebutinEGCMLtheweakersynchronizationcausesavariancetypicallytothe
order10-2in<<∫>>pandtheEGCMLattractorturnsoutre且ectingthisvariance.But
otherwiseEGCMLbehavesjustlikeGCML.
Nowinthetwo-clusterphaseathigherαthemapscannotbebunchedtogetherina
singleclusteranddivideintotwoclusters,AandB.Themapsineachoftheclusterstake
approximatelythesamevalueandsynchronizeamongthemselves.Hencewemaywrite
Xi=x、4十9i(i∈A)
¢1=x8十qゴ(」 ∈B)
Here.XA(XB)isthecollectivecoordinateforA(B)(theaverageofmapstakenoverA(B)
only)andtheqi(的)representssmallfluctuationaroundtheXA(XB).Nowletusanalyze
<<∫>>pforEGCMLAnimportantobservationisthatthedoublesumf()r<<∫>>pcanbe
writtenasasumoftwodoublesums,oneonlyoverclusterAandtheotheronlyovercluster
B.ThisdecompositionallowsonetoapplytheaboveargumenttoeachoftheclUstersand
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the∫(XA)(∫(X8))becomesamultiplicativefactortothedoublesum長)rclusterA(B).
Asf`)rtheremainingdoublesumofcouplings,somemoreconsiderationisnecessary.In
EGCMLa`polarized,distributionofmapsisinprincipleallowedinwhich,f()rinstance,
themapsinthecluster、4(B)accumulatearo皿dagivenpointＬPandmapsinclusterＬB
(A)accumulatefarfromP.ButEGCMLhasnointeractiontoinducesuchapolarization
andtherandomnessineachmapalsoactstobreakthepolarization.Wehavenumerically
checkedthedominanceofunpolarizeddistributions.Therefbretheremainingdoublesum
forEGCMLagaincountsthenumberofmapsineachclusterjustinthesamewaythesingle
sumfbrGCMLdoesin(4.2).ThuswehavealsoinEGCML・
14穐.'a.
<<∫>>・磯 ∫(XA)+等∫(x・)(…)
Heretheapproximationtakesintoaccountbo七hthepolarizationinHuctuationandthesmall
varianceofmapsineachclusterduetoapproximatesynchronization.Thusthecollective
coordinatesXAandXBoftheclustersisdescribedbythemqtrixcoupledtwo-mapmode1
!
andthemapsineachoftheclustersHuctuatearoundthecollectivecoordinates..This、
explainstheapproximatereductionofEGCMLtotwomaps.
B.Aresolutionoftheposi-negaswitchmechanisml-
Theposi-negaswitchfbundinGCML[1】isbasedontheabilityofθa3thecontrol
parameteroftheGCLMattractor.Ifmapsaresuccessivelytransportedfromonecluster
totheotherbyinput(xi-一>xi土δ)thepopulationunbalancecanbeenhancedandthe
attractorsundergosuccessivebifurcation.Whenθreachesthethresholdthewholemaps
gointoagrandchaoticmotionalmostbunchedtogethρrinaunit.SeeFig.4fbratypical".'1苛.
sampleofthistransition.Thisstateinducedbyanexcessofthelastonemapisunstableas}
weseeinFig.3athatthereisnoself-organizedstableattractoraboveθ仇(orbelow1-eth).言
Thusaftersometransienttimethemapsagainfbrmtheallowedstableconfiguration,that
is,tightlyboundtwoclustersmutuallyoscillatingoppositeinphase.Justasbefbreletus
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agalnlabelthenewclusteraぶpositiveifittakesavalueabovex'atevenstepn(counting
from七hestartofiteration)andtheotherasnegative.Anamazing丘ndingin【1|isthatthe
compositionofthenewtwoclustersislimitedonlyintwoways.(1)Allthemapsinvolved
inthepositiveclusterbefbrethechaotictransientarenowinvolvedinthenegativecluster.
(2)Allthemapsintheoldpositiveclusterareagaininthenewpositivecluster.Thecase
(1)istheposi-negaswitch.Inbothcasesthemapsbehaveasiftheykeepamemoryoftheir
f()rmerclusters.Buthowisitpossible?Themapspassthechaotictransientprocesswhere
manytw()-clusterstatesaswellasmanyotherchannelsareopen.Whatisthemechanism
thatprotectsthemapsfrommixing?
Befbreansweringthisoldpuzzleletuspointoutsometrivialaspectsoftheposi-nega
switch.Firstthereisnoessentialdifferencebetweencase(1)and(2).Howlongthechaotic
transientprocesspersistsandinparticularwhetherthedurationtimeisevenoroddis
(almost)probabilistic.Itisofcoursedeterministicbuthighlydependentonthemapvalues
attheonsetofthetrallsientprocess.Whetheraclusterafterthetransitionispositiveor
negativedependontheparity(evenorodd)ofthedurationtimebydefinitionandthere
isnosensetodistinguish(1)and(2)whentheparityisindefinite.Secondweshould
notethatinthetw(>clusterphaseofGCMLwithfixedαandεtheself-organizedattractor
isdeterminedsolelybythepopulationunbalancebetweenthetwoclusters.Incase(1)
θ →1一 θandincase(2)θ 一 → θ.Ineithercase,thepopulationunbatanceisthesame
befbreandafterthetransitionandhencetheattractorbefbreandaftermustbethesame.
Tbbeprecise,toputtheattractorbefbrethetransitionuponthatafterthetransitionwe
needatemporaltranslationofoddstepsincase(1)andevenstepsincase(2).Modulo
thisdifferencetheattractorbefbreandafterthetransitionarethesameineithercase.
Thereisnochanceofappearanceofanewattractorprovidedthat'thepopulat三 〇nunbalance
befbreandafterthetransitionisthesame4.Therefbretherealpuzzleboilsdowntoa
り'
41nref.【i]thispointthatthemapscomebacktothesameattractorisnotnoted.
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singlequestion.Whatisthemechanismwhichkeepsthepopulation皿balancebetween
twoclustersunchangedbef()reandafterthechaotictransientprocess?Wesolvethispuzzle
belowintwosteps.Firstwediscusshowthechaotictransientprocessstartsandends.This
providesthetemporalboundaryconditionsofthetransientprocess.Thenweshowthereisa
verysimplemechanismwhichtransfersthepopulationunba!anceratethroughthetransient
P「ocess・
1.The伽n5緬onα £`he・thres力0'd
Thelogisticmap∫(x)copiestheregion[-xL,xL]ontoitselftwice-foldasf()110ws5.
[-XL,XL|≡∬+1∬+川
∫ ≡
∫∬ ≡
∬∬∫≡
[一・L,Ol-fl+〃+川
[o,x・]」・ 川
1♂劔 み ∬1+∬.
Thefirsttwomappingsaremonotonouslyincreasingwhilethelastismonotonouslydecreas-
ing.SeeFig.5.Belowthethresholdthetwoclustersaremovingmutuallyoppositein
phasearoundピsothatonemustbeinregionIIIandtheotherinregionIorII.Whenthe
unbalanceisincreasedbysendingthemapsoftheminorityclustertothemajoritycluster
themeanfieldcomesclosertothemajorityclusterandoscillatesinphase■ithit.The
interactionconf()rmallycontractsthemapstothemeanfieldateveryiterationstep,and
theminorityclusterispulledtothemeanfieldmorestronglyatthishighlyunbalanced
situation.Inafewiterationsaftertheunbalanceexceedsthethresholdbythelastinput,
5F()rthemap∫(x)=1-ax2thelimitsare土xL=土(1十∨T=Fス五)/2αandtheunstablefixpoint
is♂ ニ(-1十 ∨T〒 石)/2αbuttheargumenthereisindependentoftheparticularparametrization
ofthemap.Allweneedisthe皿iversalfbldingnatureofthemap.
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thenon-dominantclustercrossestheboundaryx'.Thisistheverytimeofthestartof
grandchaotictransientmotionofmaps.Atthenextstepofiteratlonallmapsmustmove
intothesamedirection.Thesynchronizationoppositeinphaseceasesandthemapsstart
almostcoherentevolution.Themeanfieldevolvestogetherinthemiddleofthem.The
f()cuslngeffectoftheinteractionnowworksonlytobunchthemapsclosetogetheraround
themean丘eld.Thehighnonlinearityofeachmapthenbecomesmanifestandallmaps
movearoundthethreeregionsbunchedtogetherinapseudo-clusterwithaslightvariance
aroundthe輌rmean丘eld.InthetypicalsamplerunshowninFig.4themeanfield(depicted
byashortsoldbar)oscillatescloselytothedominantcluster(connectedbythesolidline)
f()rseveralsteps.Attimenitheminoritycluster(thedashedline)ispulleddownacrossthe
♂andatthenextstepbothclustersaremappedupwardstogether.Thenthegrandchaotic
motionstartsatn2.Thepseud(>clusterisformedbytheexternalinputandisunstable.To
bunchitstablythecouplingmustbelarger;itmusthavethevaluef{)rthecoherentregion
(e.g.,ε>0.43fbrα=1.98).Thetinyvariance1)etweenmapsinthepseudo-clusterissoon
magni丘edandthetransientpseudo-clusterisbrokentotheself-organizedstabletwoclusters
agaln.Inthefollowingweusethefactthatthemapsstartsandexitsthetransientprocess
wlthsmallvarianceamongthem.
2.Thepoρulationconservationmechanismduri'ng`んechaoticprocess
Letusde丘netherelativecoordinatesゑwithrespecttothemean丘eld
を`(η)≡工輌(η)一〈エ《(η)〉,
〈・・(・)〉≡繕 姻 ・
Sinceallofthemapsarenowclosetothemean丘eldwemayexpand∫(xi(n))as
∫(姻)一 ∫(〈⑭ 〉)+・(・)劣+・(…(勾))・
《エ《(n)}
AveragingthisoveriusingΣ{こ1元i(n)=Oweobtainarelation
(4.5)
(4.6)
(4.7)
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〈f(Xi(n))〉≡÷ 茎 ∫(姻)一 ∫(〈姻 〉)+・(…(記))・
Buttheinteractiondoesnotaffectthemean丘eld(thecondition(II)).Soweobtain
〈x(n+1)〉=〈f(Xi(n))〉=∫(〈Xi(n)〉)+o(m・x(2)).
Thereforetheevolutionequationoftherelativecoordinatesisgivenby
(4.8)
(4.9)
ii(n十1)≡≡Xi(n十1)一 〈Xi(n十1)〉(4.10)
一((1-・)∫(・1(・))+・〈∫(・1(・))〉)一(∫(〈・1 ・)〉)+・(酬司)))
一(1-・)(∫(・1(・))-f(@・(・)〉))+・(…(・1))
一(・一・)糺
、ω、・1(・)・(m・・(・i))・
Weused(4.8)oncemoreinordertoderivethethirdline.
Thelastlineiscrucial.Thefactor(1一ε)({〃dx〈苫`(n)>lscommontoallmapsandin
particularitactswithacommonsign.Thusateverystepinthechaotictransientprocessthe
mapsseparatedbythemean丘eldnevermixeachother.Thislsthemechanismwhichkeeps
thepopulationunbalanceunchangedbefbreandafterthechaotictransientprocess.The
signofthefactoratndependsonthemean丘eldvalue〈xi(n)〉.Hencecase(1)alld(2)may
occurequally.Wenotethattheinvarianceconditlon(II)isusedinprovlngthemechanism.
Thisconditionisre訓lyimportanttoexplorethemodelwhichsharesthepropertyofGCML.
Intheaboveresolutionweexaminedthecaseinwhichthemapsareconfinedina
pseud(チclusterandthe三rvariancearoundthemeanfieldiskeptsmallduetosynchronization.
Numericallywecantracethemotionofthepseud(Fcluster.Almostalwaysthemapsmovesin
apseud(>clusteraroundthemean丘eldwithsquaredvariancelessthan10-4.Butsometimes
itintermittentlysplitsintotwoormoretightclustersaroundthemeanfield.Thisdoesnot
invalidateaboveresolution.Thedangerofthemixingofmembersbetw㏄nclustersoccurs
onlywhentheycomecloseeachother.Ourmechanismgivesaguaranteethatnomixing
occurseveninsuchemergence.
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C.NumericaltestsoftheGCMLposi-negaswitchmechanism
InFig.6aweshowaposi-negaswitchin/Vニ60GCML(α=1.98 ,ε=0.30).Inthe
upper(lower)diagramthemapsattheeven(odd)iterationstepsareplottedandconnected
bylines.AsimilarfigurewasgiveninthefirstreportoftheGCMLswitch[11butthe
evolutionofmapsonlya七theeveniterationstepswaspresented.Bysuchadiagramonly
itlooksasthoughtheattractorundergoesa七ransitiontoanewperiodicattractorafterthe
posi-negaswitch.Butaswenotedabove,theattractorbefbreandaftertheswitchisthe
samemodulotemporaltransportofoddsteps.WecanseeclearlyinFig .6atheattractor
onthewhole,theevenandodditerationstepstogether,ispreciselythesamebefbreand
afterthechaotictransition.Asindicatedbythearrowstheswitchfrompositivetonegative
istriviallyachangeinthecount(evenorodd)ofiterationsteps.Whatisnottrivialis
thatthememoryofthecompositionoftwoclustersiskeptduringtheposi-negaswitch .
InFig.6bwepresentaposi-negaswitcheventof/V=50GCMLateveniterationsteps
も
onlyasathree-dimensionallandscapeplot.Thepeaks(valleys)bef()rethechaotictransient
processbecomethevalleys(peaks)whichistheposi-negaswitch.Inthetransientprocess
themapsfbrmasurfacewhichischaoticallyoscillatingbutatanyinstancethesegmentof
thesurfacelooksremarkablyhorizontaLThisshowsthatinthetransientprocessthemaps
areinquasi-coherentmotionwithonlyatinyvariance.InFig.6cweshowaprintcircuit
ρatternofthesameswitcheventonlyateven・iterationstepsdistinguishingthemapswith
respecttothemeanfieldvalue.Thosemapswith(xi(2n)〉 〈x(2n)〉)areshownwithwhite
squaresandtheothersbyblacksquares.Justasweprovedabove,thepatternclearlyshows
thatthereisnomixi㎡gofmapsacrossthemeanfieldallthrdughtheswitchevent ..It『canbe
alsoseeninFig.6cthatthetransientprocessceaseswhen:thelasttranbfbrredmap(n=12)
comesbacktoitshomecluster.ThisisatypicalwayoftheendofGCMLswitch .This
completesourresolutionoftheposi-negaswitchmechanism.・ 『・
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D.ThespatialclusterformationintheEGCMLswitch
TheEGCMLhasalmostthesamephasediagramwithGCMLasweshowedinSec.
IIIandtheattractorofEGCMLinthetw(チclusterphasehasthesamebifurcationtree
structurewiththatofGCML.ButasweshowedinFig.3btheattractorofEGCMLtums
outwithsomevariance.Thatis,thedyna皿icsofclustersinEGCMLisreducedtothatof
matrix-coupledoftwomapsjustasinGCMLbutthemapsineachEGCMLclusterarein
phase-synchronizationratherthanintightsynchronizationincontrasttoGCML.Theallto
allinteractionwithnocutoffscaleinEGCMLiseffectiveenoughtomaintainthereduction
totwo-clusterdynamicsforanyθbetweenl1一θth,θ,h].
Inthenumericalsimulat輌onofEGCMLwefindthatthetwoclustersofEGCMLundergo
aswitchprocessbyinputswhichissimilartothatinGCMLAtypicalsampleoftheEGCML
switchisshowninFig.7.ButletusfirstlistthegeneraldifferencesofEGCMLswitchfrom
GCMLswitchbelowandadddescriptionparticulartoFig.7afterwards.
(1)Sloωer.、Reaction:Byaninjectionofapulsewetransferamapintheminorityclu8ter
tothemajoritycluster.InGCMLthereactionoftheattractortothisinputisquiterapid
and七heattractorshiftstothenewmovementonlyafterafewstepsoftheiteration.Onthe
otherhand三nEGCMLtheattractorreactstotheinputgraduallyinseveral輌terationsteps.
Thishasasimplereason.ThesynchronizationofmapsinanEGCMLclusterislooser.
Whena・mapistransferredthereoccursanegotiationamongmapsineachclustertoreform
theclustersandthenthetwoclustersmutuallymovetothenewattractor.Thisissimilar
tothetwostepphase-synchronizationfbundinthegloballycoupledflowsl8,91.'・
(2)Self-OrganizedTransition:InEGCMLthee舵ctofonepulsedep6ndsontheunbalance
betweenclustersatthe.timeofinjection.Iftheunbalanceisnothighjustaslowreaction
oftheattractordescribedaboveoccurs・Iftheunbalance三sh三ghthernaptransportation
byaninputisf`)llowedbyaself-movementofanothermapbetweenclustersinthesame
direction.ThisoccursafterafewtensofstepsfbrtheEGCMLofthesizeＬVrv103.Ifthe
unbalanceisclosetothethresholddeterminedbytheabovestatisticalanalysis(Fig.3b)the
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transportationofasinglemaptriggersacascade,Thelastinjectedpulseinducesf()llower
mapstomove伽maclustertotheotherclusterinthesamedirectionandinsome100
iterationstepsthemovegrowsuptoaseriesofavalanchesatvariousscales.Thecorre-
spondingchangeofthespatialdistributionofpositiveandnegativeclustersissimilartoa
percolationtransition.Underthisprocessnomoreexternalinputisgivenandthemapsare
themselvesf()rmingametastablesta七e.Boththeexistenceofathresholdandthef()rmation
ofclustersatvariousscalessuggestaremarkablesimilaritytotheself-organizedcriticality,
e.g.【15],butfurtherinvestigationonalargersizelattice,inparticularthemeasurementof
thecrit三calexponent,isrequiredtoverifytherelation.
(3)Theルfixing:InEGCMLthetw(>clusterattractorafterthechaotictransientprocess
isf()rmostca£esapproximatelythesamewiththatbefbre.Thechangeofthepopulation
unbalanceisonlyafewpercentinmostoftheruns.Butthereoccursswappingofmaps
betweenclustersalldthecompositionoftheclustersintermsofmapsisoftendifferent
befbreandaftertheEGCMLswitch.Theposi-negaswitchinGCMLisrealizedbythefact
thatnomixingofmapsacrossthemeanfieldoccurduringthechaotictransientprocess.In
EGCMLthemixingdoesoccursinceeachmapisunderthein且uenceofposition-dependent
<<∫>>p.ThustheEGCMLswitchisaposi-negaswitchasaclusterprocessbutnotasthe
mapprocess.Inviewofthebraindynamicsthisdifferencemaybeimmaterialsincewhatis
importantistheactivityofwholeneuronsratherthantheidentityofindividualneurons.
(4)Self-OrganizedSpαtialClustersinEGCML:Beforetheswitchthemapsinthepositive
clusterandthoseinthenegativeclusterarealmostrandomlydistributedonthelattice.
Thetransitiontochaotictransientprocessgoeslikeapercolationtransition.Whentheself-
organizedmassmovementstarts,thepositivemapsfbrmseverallarge-sizespatialclusters
andsodothenegativemaps.Sincethesespatialclustersarefbrmedbythelong-range
interactionthefbrmationofthemismoreremarkableinthelatticeoflargersize.The
spatialclusterscanbebesttracedinthechaoticprocessbydistinguishingthemapsbythe
mean丘eldofwholemaps.Atshorttimescaleoftenweobserveaposi-negaswitchofspatial
patterns.Butduetomixingthespatialclusteringpatternchangesatlongertimescale.
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NowweexplainFig.7awhichisatypicalEGCMLswitcheventsampledin25×25
1attice(α=1.9,ε=0.3).
Preparation:Themapsareiteratedfromrandomstartandafewtensofpulsesareinjected
duringthefirst1500iterationstepsuntilthetwosynchronizingclustersexhibitperiod32
0scillationmutuallyopPositeinphaぶe.
Stαrt(ゾ(]haoticProcess:Atn=1630weinjectedtenpulsessimultaneouslytorandomly
chosenmapsonthelattice.Thiswasnecessary七 〇showthewholeprocessinonefigure.
Hadweinjectedthepulsesonebyone■ithsayahundredstepsinbetweenwehadbeen
abletoseetheacceleratedcascadetransit輌onasdescribedin(2)above.Butstillwecansee
inFig.7athattheprocessafterηrv1700isaself二 〇rganizedcascadingprocess.
TんePosi-negaSωitchbetωeenClusters:Atnnv2400thetransientprocessceasedanda
perio(licat七ractoroftwoclustersappeared.Asindicatedbyarrowsweseeclearlythatitis
thesameattractorasbefbre.Thechangeoftheunbalanceofpopulationbetweenthetwo
clUstersislessthanonepercentinthisswitch.
TheSpatiatClusters:Thesnap-shotpatternsofthemapsattheeveniterationstepsare
shownin .theboxesbelowtheevolutiopplot.Intheupperboxeswedistinguishthemaps
withrespecttothemeanfieldwhileinthelowerboxesweusedtheunstablefixedpoint
♂.Ineitherwaywecanseethatspatialclustersarefbrn}edbytheself-interactionofmaps
duringthechaotictransi巳ntprocess.Weseeclearlythatthemapsundergoaposi-nega
switchamongthemselYesbetweensnap-shots4-7intheupperboxes.Ontheotherhandin
thelower.boxesthepatternbecopa,es、sometimes七〇tallyblackandsometimestotallywhite.
Hence,weseethatthedistinρtio聖bythemean丘eldisabetterwaytosensethespatialcluster
formationonthelattice.Adistinctionby、themeanfieldissensitivetothe且uctuationaround
thecollectivecoordinate.Theclusteringpatternextractedbythismethodisthelong-range
flμctuationdynamicsofmapsgnthelattice..、 ・
Thislong-rangeinteractiondynamlcscanbeseenmoreremarkablyonalargerlattice
whichallowsthef()rmationofthespatialpatternoflongerwavelength.InFig.7bweshow
thesamplesofamazingspatialpatternsf`);rnedduringthe、chaotictransientprocessinthe
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丙
runof61×611attice(α=1.98,ε=0.3).Thesnap-shotsweresequentiallytakenateveryfbur
lteratlonsteps.Weobservethatasmallseedoffluctuationtendstogrowinto'acircular
densepatternbythechaoticdiffusionprocessonthelatticeinaccordwiththeisotropic
interactioninEGCMLItisinterestingtonotethesim三1arityofthepatternsobservedon
thelatticetothegalaxiesintheuniverseandinparticulartheapPearanceofpatternslike
globularnebula.TheEGCMLmaybeusedasatoymodelfbrthefbrmationofdensity
fluctuationsinanonlineardiffusionprocess,thoughfurtherstudyisrequiredtotestthis
speculation.
;・
V.THETURBULENTREGIMEOFGCMLANDEGCML
へ
TheturbulentregimeisgenericallytheregionofsmallεandknownbythesΦcalled
hiddencoherencephenomenon.Generallyitis皿derstoodthatinthisregionmapsevolve
almostrandomlyatsmalllatticesizeNandthatthereoccursthehiddencoherenceatlarge
N.Butactuallytheturbulentregimehasasubtlerfeature.Wearegoingtoshowthatitiβ
aregimewherethegrandperiodicorquasi-periodicmotionofthewholemapsisinaction
almosteverywhere.Butfirstletusquotebriefiypreviousobservationsintheliteraturein
threeitems.
(i)WhenGCMLisiteratedfromarandomconfigurationwithasmallcoupling(ε 〈0.2)
andalargenonlinearparameter(α>1.6)itreaChesa丘nalstatewhichisanensemble
|
ofmapsandtinyclusters,eachmovingchaoticallyduetohighnonlinearityofthemap.
(Weshowbelowthattheyareundercertaincoherencealmos七everywhereintheturbulent
regimeeventhougheachelementlooksinanindependentrandommotion.)Thenumber
ofelementsincreasesproportionallytothenumberofwholemapsinsharpcontrasttothe
orderedregimewherethedynamicsofmapsreducestothatofafewclusters[1】.
(ii)Itwasfbundinthestatisticalanalysisofthemean丘eldfluctuationsthatthere
emergescertaincoherencebetweenelementsforlargelatticesize/V[21.(Weshowbelow
somereservationisnecessarytothisstatement.)Letusdenotethemean丘eldoftheN
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mapsonthelatticeAattimenaぶ
ん・≡;亙 姻 一嬬 ∫(・・(-1))・(・ ・1)
Ifxi(n)(i=1,… ∫V)arereally～Vindependentrandomvariableswithacommondistribu-
tion,themeansquaredeviation(MSD)ofthe且uctuation(δん2=〈 ん2>一〈ん>2)shoulddecrease
proportionallyto1/1Vbythelawoflargenumbers(LLN)andthedistributionofthehn
mustbeagaussianforsu缶cientlylargeIVbythecentrallimittheorem(CLT).Howeverthe
timeseriesanalysisofthemean丘eldfluctuationshowsthatthereisathresholdN6inIV
(dependingonbothαandε)abovewhichMSDceasestoshrinkeventhoughthedistribu-
tionsremainsinagaussianshape.Eventhoughtheelements(mapsandtinyclusters)look
evolvingindependentlyeachotherthevioiationofLLNmustreflectsomehiddencoherence
betweentheelements.Infactanintroductionofaverysmallindependentnoisetermin
eachmaprestoresLLN[2,12】.
(iii)Thisv輌olationofLLNobservedinthetimeaverageddistributionofh.reflectsthat
theprobabilitydistributionρ(x)thatamaptakesavaluexexplicitlydependsontime.
Anoiseintensityanalysisofensemb】essuccessfullyprovesLLN{12].IfLLNshouldhold
inthetimeaverage,ρ(x)wouldhavetobethefixedpointdistributionoftheFrobenius-
Perron(FP)evolutionequation[181.Ithasbeenshownthatthefixedpointdistribution
isunstableduetotheperiodicwindowsinherenttothechaoticlogisticmapl2,12】.The
coherencemanifestsitselfinthemutualinf()rmation{2].Ontheotherhandthetemporal
correlationfunctionsimilartotheEdwards-Andersonorderparameterfbrthespinglass[14】
decaystozeroexponentially.Thusitmaynotbeduetofreezingbetweentwoelements[21.
Alltheseareimportantobservations{brtheturbulentregimeofGCML.Butthisis
notthewholestory.Especiallyoneshouldnotsimplyconcludebytheabovelistthatthe
turbulentregimeofGCML(andalsoEGCML)isaregimewithcompleterandomnessat
smallNandwiththehiddencoherencef()rlarger/V.TheMSDanddistributionspreviously
reportedl2】areonlyfbrthellmitedregionsoftheturbulentregimewherethemean丘eld
d輌stributionslookssemi-gaussianandtheviolationofLLNfbrlarge～Visremarkable.But
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theredoexistregionsintheturbulentregimewherethecoherenceissuppressedstrongly
andtheMSDobeysLLNinagoodapproximation.Oppositelytherearealsolargereglons
wherethe丘nalattractorsaretwoorthreeclusterswhichevolvestably(untiltheendof106
iterations)inperiodthree;agrandperiodicityintheturbulentregime.Furthermoreeven
inalargepartofthe`hiddencoherence,regionthedistributionisnotreallygaussian;三tis
onlysemi-gaussian(trapezoidal)orhasvisiblepeaksontopofsemi-gaussiandistribution.
Wecandetecttheremainsoftheperiodiccoherentmotionbyananalysisofthedecayofa
temporalcorrelationfunctionf()rtheseregions.Theturbulentregimeisactuallytheregion
whichisfullofperiodicityremnantsandthehiddencoherenceisrealizedinbetweenthe
genuinelyturbulentregionsandmanifestlyperiodicregions.TheEGCMLsharesthesame
featureswithGCMLInthefollowingweshowthesefactsbyanextensiveanalysisoverthe
wholeturbulentreglme.
A.AnextensivestatisticalanalysisoftheturbulentregimeofGCMLandEGCML
Wemeasurethedistributionofん。anditsMSDa七everypointonthegridontheN－ε
planeintheturbulentregimeatafixedvalueofthenonlinearparametera.Herewechoose
αニ1.9asacanonicalvaluebutourobservationsbelowgenerallyholdforothervaluesofα
largerthan1.6.Atα=1.90theturbulentregimeis丘omε=OtoO.15f()rGCMLandfrom
ε=OtoO.12fbrEGCML(seeFlg.1aandb).Thusweseta25×61/V－ εgridwherethe
latticesizeIV≡k2variesfromkニ3to51withanincrementofktwo6andthecoupling
εvaries丘omOtoO.12withanincrementO.002.Ateverypointonthe/V－εgridwithα
fixedat1.90,themapsareiteratedfromarandomstartandthemeanfieldhnismeasured
duringthetimeintervalbetweenn=104and105.Thustheresultfbronerunatα=1.90
isa25×61tableofdistributionsandeachdistributionisahistogramof9×104んπ.We
6ThisincrementofIVisnecessaryfortwcトdimensionalEGCMLwiththeperiodicboundarycon-
dition.ForGCMLwekeeptheincrementthesameforthesakeofcomparison.
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haverepeatedtherunseveraltimesforthesameαandver▲fiedthatthegeneralresultis
independentfromthechangeoftheinitialconfigurationofrandomlyproducedmaps.
WehavealsocheckedintwowaysthatourN－εgridissu伍cientlyfinetoseethegeneral
featureoftheturbulentregime.Firstlywerandomlychosemorethanah皿dredsquaresof
thegridandsubdividedthem.Usingthisfinergridwehaveverifiedthateitherthevariation
ofεorIVwithineachsquaredoesnotcauseanysignificantchangeofthedistribution(a
localcheck).Secondlythecompiled1525(=25×61)distributionsaresuHicienttomake
ananimatedshowofthedistribution.Weobservedbythisanimationthatthedistribution
changessystematicallytheshapewithvariationofei出erεor∫Voverthewhole/V－ εgrid
thoughtheonsetoftheapparentperiodicdistributionisquiterapid(aglobalcheck).Wefind
thataspecialcaremustbetakenoverIbrthetransienttimewhenweareontheedgeofthe
periodicwindowregion.Therethemapsmayfallsometimesintothefinalperiodicattractor
after,fbrinstance,8×104iterationsbutsometimesonlyafter102iterationsdependingon
therandominitialvalues.Forthisedgeregionwehavedoneaseparateanalysisusinga
sequenceofruns,eachconsistsof105to106iterations.WecommentonthisregioninSec.
VD.Thissimplebuttediousanalysis7wasthestartof七heworktounveiltherealfeature
oftheturbulentregime.
B.TheMSDsurface
InFig.8aandbweshowtheMSDofthemean丘eld(hn)distributionsatα=1.9asa
surfaceplotovertheε－NgridforGCMLandEGCMLrespectively.BothMSDand/Vare
plottedinthelogarithmicscalesothatthelinearedgeofthesurfaceinthefrontpanelat
ε=OisofcourseduetoLLN.Foranon-zerobutverysmallε(≦0.01),theLLNstillholds
7AGCMLruncanbedonebyapersonalcomputerwithaPentium300MHZCPUinadaybut
forEGCMLweusedahundredPCs(Pentium90MHZ)simultaneouslyf{)raweekduringChristmas
in1996.Thenweassignedranksof1525distributionsforbothmodels.
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toagoodapproximatlonbutfbralargerεwecanclearlyseethatthesurfaceshavemany
peaks.TheglobalfeaturesoftheMSDsurfacesmaybesummarizedasf()llows.
Thevalleys:AtthevalleysofthesurfacetheMSDstillapproximatelyrespectsLLN
andwemaycallthesevalleysasgenuinelyturbulentregions.'
ApartfromthevalleysLLNdoesnothold.Thisdoesnotimplytherealvioldtionof
theLLNintheensembleaveragel121.Whatismeantbythev三61ationofLLNhereis
thatthereisalarger且uctuationinthetimeseriesofhnthahexpectedbyLLN.Weare
interestedindetectingthecoherenceamongtheevolvingelementsbytheenhancedMSD.
FbrbothGCMLandEGCMLthepeaksdivideintotwoclassesexceptthatthepeaksare
moreparalleleachother丘)rGCML.Belowwequote丘guresfbrGCML.
Thefirst-classpeaks:Wecanseetwoveryhighandbroadpeaksatε∈0 .032-0.034
andε ∈0.042-0.054andLLNisviolatedextremelyonthem.HeretheexcessMSDis
observedalsofbrsmallIV.Letuscallthemasthe丘rst-classpeaksoftheMSDsurface.
Thesecond-classpeaks:Separatedbythelargefirst-classpeakstherearealsoseveral
minorpeaks.Theirlocationsfbrα=1.90are
ε 二〇〇.Ol2,0.016,0.020,0.024(5 .2)
εNO.062,0.07,0.074,0.08,0.088-0.098,0.106-0.108…
Letuscallthemasthesecond-classpeaks.Providedthatonekeepseyesonlyonthesecond-
classpeakstheMSDfirstdecreaseswithincreasing]Vf()llowingLLNandthenabovecertain
thresholdN6theMSDceasestodecreaseandremainsapproximatelyinaplateau.Thisisa
characteristicbehaviorofMSDatthehiddencoherence.Howeverweshowbelowthatthe
hndistributionisnotagaussianbutisadistortedgaussiariinthebulkofthesecond_class
peakregions.
,
`'
C.Themeanfielddistributions
Nowweanalyzedirectlythetableof25×61distributionsofthemeanfieldhnatα ニ
1.90f()rbothGCMLandEGCMLtounderstandhowthedistributionlookslikefbrthe
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enhancedMSDregions.Befbrethisanalysiswehadthoughtfromtheliterature[2】that
thedistributionsareallgaussianwithpossibleMSDenhancementatleastfbrthecentral
regionofthehnhlstogram8.Buttoour丘rstsurprisewefindthatthereareavarietyof
distributionsinvolvedinthetableofGCMLandEGCML.
Weassigneachdistributionapatternclassification皿mberorarankfromzerotof()ur
byitsshape.
?
?
2:
?
4:
Thedistributionisgaussian.Comparedwiththegaussiandistributionatε=Owith
commonaandIV,theMSDagreeswithin20percenterror.
Stillgaussianbutwithmorethan20percentincreaseoftheMSD.AtlargeIVwesee
theMSDcanbecomeevenmorethantwlce.
AtrankzerothemeanfielddistributionobeysbothLLN
th。三
}
8Sincetheん
n
distributionover(-oo,09)・
.よ:
concernwhethertheessenceoftheCLT,thattheconvolutionof
peakslikegaussianinthecentral
momentmustbethreefbraperfCctgaussianandfbrtheんn
threeisreported[2].
isobscuredinaratio.F6いnstance,therankthreedistributionbelowisoftentwooverlapping
gaussianpeaksduetothe恒riodicclusterswithhighmixingbutaratioofmomentscannottelht.
Asinglypeakeddistributionbuttheshapeisdistortedfromgaussian.TypicaUya
gaussian-likepeakpolarizedtotherightorleft,ortrapezoidal.
Eitherithasafewsharppeaksontopofabroadband,oritisanapparentoverlapping
gaussiandistribution.Itmanifestlyshowstheperiodicmotionofelements.
Thedistributionconsistsofafewsharppeaks.only.
andCLTandthemapsmaybe
　コガ 　 コ ぐ コ
ghtasindependentrandomnumberswithacommonprobabiUtydistribution.Oppo-
distributionislimitedintherange仁xL,xL],itcannotbeafinitewidthgaussianσ瘡.
Whenwediscusswhetherthehndistributionisgaussianornotwe, 、
independentrandomdistributions
region,isinactionornot.Theratioofthefburthtothesecond
distributionasmalldeviationfrom
Butit.issensitivetothetailregionandthedynamicsinthecentralregion
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sitelyatrankfburthemapsareinperiodicmotionandsoisthemean丘eld.Theranks
areorganizedinawaythattheperiodicityoftheelementsbecomesmoremanifestwithan
increaseoftherank.
InFig.9aandbweshowtherankdistributiononthe/V－εgridasadensityplotfbr
GCMLandEGCMLrespectively.Wefindthefollowings.
(1)ThereisaremarkablematchbetweentheMSDsurfaceplotsandthedistribution
dens輌typlots9.TheMSDsurfらceishigh(10w)wherevertherankofthedistributionishigh
(low).TherankdistributionplotisalmostacontourplotoftheMSDsurface.Thisis
highlynon-triviaLThattherankplotisacontourplotofasurfacemeansthatthereoccurs
nojumpofrankswhenwevaryeitherεor～V .Fbrinstancetogotorankfburfromrank
zeroonehastopasstheintermediaterankregions .Thisindicatesthatthedynamicsof
mapschangescontlnuously(notnecessarilysmoothly)wheneitherεor∫Visvariedoverthe
turbulentregime.
(2)ThefistclasspeaksoftheMSDsurfaceoccurjustattherankthreeandfburdistr輌 －
butions.The6rst-classpeaksareduetotheperiodiccoherentmotionsofelements .
(3)Inthesecond-classpeaksthemean丘elddistributionisrankzero(bothCLTand
LLNhold.)forsmall/V.WhenNisincreasedwithεfixed,itbecomesrankone(CLTholds
butLLNviolated)abovecertainthreshold.WithafurtherincreaseofNitalmostalways
becomeranktwo(evenCLTisnotfullyoperative).Nohigherrankdistribution(rankthree
orfour)appearsinthesecond-classpeakregions.Onlyinsmallband(s)ofε(fbrinstance,
onlyinanarrowbandaro皿dεニ0.07fora=1.90)therankremainsonefbrlarge/V.
(4)Thethresholdbetweenrankzeroandrankonedistributionpreciselyagrees.with
thebreakpoint∧r60fthedropofMSDfbllowingLLN.F()rreferencewesuperposethe
approximatecurvefortheN6(Ns(x1/ε2)givenby[2]inFig.9andindeeditrunsroughly
91nordertomakea`blindtest,wenevercomparedtherankswiththeMSDsurfacebefbrewe
finishthewholetaskofrankassignment.
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betweentherankzeroandrankoneregions.Weconsiderthefactin(3)thattherankone
distributionchangessmoothlytotheranktwodistributionwithlncreaslng/Visakeytothe
hiddencoherence;itindicatesthatthecoherencebetweenmaps`hidden,intherankone
distributionregionbecomesmanifestinthea(ljacentranktwodistributionregion.
Hereafterwef()cusourattentiontoGCMLInFig.10weshowasampleof(3)inthe
leftthreeboxes.We丘xαandε(α=1.90,ε=0.08)andgivethehπdistributionsatvarious
/V(ノV=30,100,3000)whlcharesampledin105iterationsfromrandomstartsdiscarding
the丘rst104steps.Wealsodisplayineachboxtheh.distributionwithεsettozeroasa
referencedistribution.Intheboxfbr/V=30thetwodistributionsareindistinguishable.
ThehndistributionishencerankzeroandbothLLNandCLThold.AtＬV=100the
distributionwithε=0.08becomesagaussianwithenhancedMSD.Itisrankoneand
indicatesthe`hidden,coherence;CLTholdsbutLLNdoesnotlo.Nowinthethirdbox
at～V=3000thedistributionturnsouttobetheranktwodistortedgaussiandistribution.
EvenCLTnolongerholds.Inthef〈)urthboxwealsoexhibitthehndistrlbut三 〇natα=1.99,
ε=0.08and∫V=1000、Thisisinourclassificationtherankthreedistributionwithtwo
overlappinggaussianpeaks.Inthemodelwithα=1.90,wecanmovetothisdynamicsregion、`I
byvaryingε,i.e.by・traversingtheturbulenttegime.Thispointisfurthersubstantiatedin
thefbllowingsubsections.i・ ・.・ ・'・
・'Atthispointweneedsomeexplanationontheterminologyofthehiddencoherence .The
interestingphenomenon・that.IabovesomeハrstheLLNinthetimeseriesisviolatedcertainly
occursbutnowwe、havefoundthat・ 三tlsrestrictedtothesecond-classpeakregionsonly.
ThereareyalleyswhereLLNapproximatelyholdsevenfbrlargeIVandalsothefirst-class
peakregionswhereLLNisviolatedevenforsmallN.Andnoweveninthesecond-classpeak
loAfigurecorrespondingtothesetwoboxeswasgiveninFig .10fref.[2】(Atα=1.99and
ε=0.1).Butthecontinuouschangeofdynamicstohigherranks,suchasfromthesecondboxto
thethirdboxwasnotnoted.
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regionstheplacewheretheCLTholds(withLLNviolated)isagainrestricted .F()rα=1.90
itisonlyanarrowbandaroundε=0.07anditmovestothelargerεfbrlargerα .Thusifa
distinctionbetweentherankoneandtwodlstributionismadeandthehiddencoherenceis
de丘nedstrictly.asthephenomenonthatCLTholdswi七hnoapproximation(Le .excluding
theranktwodistribution)butwithbrokenLLN,itcanliveonlyinaveryrestrictedregion
amongthesecond-classpeakregions.Wewillfurthershowbelowthatacarefulanalysisof
thedecayexponentofthetemporalcorrelatorcanalsounveilthecoherenceamongmaps .
Butstillweconsiderthefirstdiscovery[110ftheonsetoftheviolationofLLNevenin
tんeregionωherethe(]LTんo'∂3(rankone/isremarkable.Ourpointinemphasizingthe
distinctionbetweenrankoneandtwodistributionsisthattherecognitionthattherankone
dynamicsregionisa(ljacentinthe∫V－ εspacetotheranktwodynamicsregionwhichin
turnisadjacenttotherankthreeandsoonenablesustotrackdoWnthechangeofdynamics
andthusleadsustoaworkinghypothesisthatthehiddencoherenceisthemostmodest
manifestationofthecoherentquasi-periodicmotionofmapsubiquitousintheturbulent
コ のロ
「eglme・,「 ・
D.TraversingtheGCMLturbulentregime
Nowthatwehaveidentifiedthevariousregionsintheturbulentregimewlthdistinct
manifestationofperiodicityletustoproceedtoclarifyhowthedynamicsofmapsintheseぴ　 コぐ
regionsarerelatedeachother.Tocollectnecessaryinfbrmationitisbesttotraversetheコ ぐホ
turbulenceregilneat丘xedα,Nandvaryingεasatuningparameter.InFig.11wepresent
"r‥i↓..・,ヒ コ ト
asamplerecordofsuchanexpeditionatα=1.90,/Vニ1000.Thefirstcolumnshowsthe
ダパ マダ コ ロコ リ
meanfielddistributionsaswellasthesinglemapdistributions.The五)rmeristheaverage
duringthestepsfromn=104tonニ105,andthelatteristheaverageduringthelast
2×103stepsof105iterations.Inthesecondcolumntherankoftheんndistributlonis　き
denotedatthetopineachbox.Theevolutionofahundredselectedmapsisdisplayedf()r
トペ ト 　ヘノ ミ サ ンヤ　
thelastsevensteps.Inordertochasetheperiodicmotionofelementswedeviseasimple
.,、",,.
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temporalcorrelatoroftherelativecoordinatevectori(n)≡(¢1(n)一ん外,…,τN(n)-hn)of
mapsaroundthemeanfield:
・ω一く1謡il謝・(…)
Theaverageovernistakenfbrthelast103steps.Thiscorrelatorisdisplayed三nthethird
column.Weshowitjusta8de丘nedby(5.3)butforthemeasurementofthedecayexponent
wequotevaluesobtainedbythesignedlogarithmplot(∫(x)≡(x/1¢1)log(lxl))ofO(t).
R)rsmallerlatticeanalysisweal80averagedoverdatawithdifferentinitialcon丘guratiOns、
toimprovethestatisticsbutthisdidnotcauseanysiglli五cantchangefbrtheexpollent
estimation.Thela8tcolumnshowsthereturnmapsofんn(thesetofpoints(九元,ん +1))丘om
thelast103steps.
Letu8startatpureiandomnessε=0.Themapaveragedistributionhasmanysharp
peakswithfごact訓hierarchystructurere且ectingtheunstablefixedpointsofasinglemapin
thechaoticregion.ThehndistributionobeysofcoursebothLLNandC工,Tandnatur凪ly
sharpgaussian(rankzero)fbr/V=1000.Theevolutionplotshow8asimplelogi8ticpattern
andthereturnmapi8asimpletinycloudofpoints.Thecorrelatorisoneatt=Oby
definitionanddecaysalmostinstantly.
Wecanforeseethatperiodicitythreewindowinthefirst-classpeaksiswaitingus(ε∈
10.032,0.054Dbutletuschooseε=0.028tos㏄ifanyprecursorofitemerges.We丘nd
thatthehndi8tributionha8becomerartkone.Themapaveragedistributi皿ha810stsome
sub-peakssinceamyoneofthemapsi8pulledbythemean丘eldin且uctuationanditha3
becomemoredi伍cultfbrittostayattheunstablesub-fixedpointsfbrlongtime.The
coherenceisstillinvisibleneitherinthemapevolutionnorinthereturnmap.Butwe
findthatremarkablythecorrelatoロowo8cillate8inperiodthr㏄anddecay8exponentially
(民308tepsfbr10-3decay).Thisperiodthreedampingoscillationofthecorrelatorstarts
atεfsO.02exceptfbrthevalleysandthedecayexponentbecomessmallerforlargerε.
Atε=0.030thehndistributioni8ranktwo.Wearenowveryclo8etothe丘r8t-clas8
peaks.Thecorrelatorsurviveslongerperiod(N70stepsfbr10-3decay)inperiodthree
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motion..Butthereturnmapdoesnotsensethis.Fromtheevolutiondiagramwecan
immediatelytellthatthisfailureofthereturnmapisduetomixingofthemapsbetween
thequasi-clustersatahighrate.Thislnadequacyofareturnmapshouldbenoted.
Atε=0.032weareontheedgeofthefirst-classpeakregions.Nowverycarefulanalysis
isnecessarytoaccountfbrthe丘rsttransientbehaviorofthemaps,Thetruncationofthe
first104stepsisnotsuf6cientandwehavetowatchtheevolutioncarefullyuntilatleast
during105steps.Weshowtwotypicalsamplesatε=0.032.
Inthefirstsampleatε=0.032themapsremaininafewquasi-clusterswithmixinguntil
theendoftherun.Theunstablequasi-clustersoscillateinperiodthreeandthecorrelator
decaysto10-30nlyaftertRs140duetothesmallermixingthanbefbre.Nowwecanseein
thereturnmapthreecloudsofpointsturnout.Themapaveragedistributionhasonlythree
prominentpeaksandallothersubpeaksarelost.Thecorrespondingんndistributionisrank
threewithbothavisiblepeakandashoulderontopofabroadband.ThehighMSDof
theんndistributioncomesfromthelargeseparationsbetweenthedominQntunstablefixed
pointsofthemapsininteraction.Thisdistributionisanexampleofoverlappinggaussian
distributions.Fortheperfectperiodicmotionofthetightclusters,sharpdeltapeakswould
beobservedinbothmapandh.distributions.Duetothedecayofth『guasi=clusterscaused
bythemixingthesharpdeltapeaksbecomebroad・and・turnin∫ooverlapping .gaus5i餌
distributions.Wefrequentlyobservedmorepromineptpve .rlappingtwoorthreegaussian
peaksinthewholeanalysisoftheturbulentregimeuS,ingbothα.andεastuningparameters.
(See,fbrinstance,thefburthbox、inFig.,10.).Inthesecondsampleatε 〒0.032themaps
literallydroppedintoperiodthreeattractor、ofthreeclUsters.q,tnu,8×104.As,.themap
evolutionplotshowsthemappositionsineachclμsteCexhibitsomevarianceip 、evolutionso
thatwewouldbetterdescribetheclustersasquasi-clusters.Thebroadbandinthisrank
七hreehndistributionisanartifactofthetransientmotionbeforethemapsfallintothefinal
attractor.Thereisnomixingatallbetweentheclusters.Thehndistributionisasharp
singlepeakandthehnreturnmapiscon丘nedinaverysmallrange.Thisisduetothefact
thatthethreeclustershappen .tobealmostequallypopulatedinthisrunsothatthemean
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丘eld且uctuationisminimized..
Atε=0.042weareatthesummitofthefirst-classpeak.Herethemapsalmostalways
dropintoperiodthreeattractoroftwoclusters.Byonlytwqclustersinperiodthreemotion
l
themeanfieldmustalsofiuctuatesinperiodthree.Thustheh.distributionhassharpthreeタ
peaksandMSDturnsouthigh.ThevalueofMSDissolelydeterminedbythedynamicsof
clustersandIVindependent.Alsothereturnmapiswidelyspread.
Whilewetraversethesummitofthefirst-classpeakstillεieO.52theattractorremains
inperiodthree.Sometimesitbifurcatestoperiodsix.
Infurtherexpeditionwedepartfromthefirst-claぶspeaksandgodownintothesecond
classpeakregions.EverythingthenoccursinreversewayinthisdescenttillεreO.058.
FromεNO.06-0.1wetraversethesecond-classpeaksaswellasthevalleys.Atthe
second-classpeaksthecorrelatorsurvivesabove10-3untiltN30-40butwithnoapparent
lowper三〇dicity.ThenaboveεNO.10thecorrelatorstartsagaincatchingtheprecursorof
theperiodtwoopposltephasemotioni皿thetwo-clusterregimeoftheGCML.Thusthe
indeterminacyoftheperiodofquasi-clustersbeyondsecondpeakregionscomesfromthe
factthattheregionsarejustinbetweentheperiodthreewindowandtw(>clusteropposite-
phasemotionregions.AfterεNO.1thecorrelatorshowsperfectperiodtwomotionand
thedecayissmoothlyprolongedwithincreasingε.AtεNO.15itonlydecreasesbyafew
percentevenatt=500:Correspondingly,aboveεfuO.1themiddlepeakinthemapaverage
distributionstartsapproachingtothepeakathigherxandaboveεftsO.13themapaverage
distributionspli七sintotwo(noeventsinthemidd】egapregion).St三1hntheevolutjonplot
wecanseethemapsareinlooseclusterswithmixingbetweeneachother.ThehighMSDof
theranktwoandthreedistributionsaboveεN'0.1isclearlyinducedbythewidelyspread
dominantunstablefixedpointsoflowperiodicity.
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E.Thedynamicsintheturbulentregime
Wehavedoneasimilaranalysisatvariousauptoa=1.99andverifiedthatallabove
featuresatα=1.90areunchanged.Thevariousmanifestationoftheperiodicityissum.
marizedinTableIf()rα=1.90.Onlyaminordifferenceforlargerαisthattheregionsof
rankonedistributionabovethefirstrankMSDpeaksbecomelargershiftedtolargerεand
alsotherankthreedistributionstartstoappearthere.Sincetherateofthemixingofmaps
betweenclustersisthekeytotheturbulentregimewehavealsomeasuredthetemporalcor-
relatoroftheclusteringpatternmatrixsimilartotheAnderson-Edwardsorderparameter
{2】.Itexhibitsthesamevarlationofthedecayexponentswithourcorrelator.Weexamine
belowhowthedynamicsinvariousregionsarerelatedeachother.
(1)LetusfirstcomparethedynamicsoftheperiodicregionswiththatatεNO.Atεf¥O
mapsevolvealmostindependentlywithlongvisitatallofthe皿stable丘xedpointsofthe
logisticmap.Thusthemapaveragedistributionhasmanypeakswith舳ctalstructure
peaking.Sincethemapsbehaveasalmostindependentrandomvariableswiththesame
probabilitydistribution,naturallybothLLNandCLThold.Attheperiodicwindowinthe
first-classMSDpeakregions,ontheotherhand,the1一εf()cusingeffecttunesthemapsto
fbrmtightlyboundtwoorthreeclustersmutuallyoscillatinginperiodthreeattractorand
thisleadstotherankfburdistributionwithsharpdeltapeaks.Thedynamicsofclusters
intheperiod輌cattractorissolelydeterminedbyα,εandtheeffectivecouplingsbetween
thgclustersdeterminedbythepopulationratiosamongtheclustersii.TheMSDofthehn
distributionisagaindeterm三nedbythea,εandthepopulationratiosbetweentheclusters,
andthereisnoroomfbrtheexplicltNdependence.Similarcoherentdynamicsisrealized
alsointheorderedtw()-clusterregimebeyondtheturbulentregime(ε>0.2fbrα=1.90).
Theturbulentregimehasaperiodthreewindowinthecenterofitandthetwo-cluster
1iWehavenumericallycheckedthatthematrix-coupledthree-mapmodelsimilarto(4.3)does
exhibitthesameperiodthreeattractoratthesamevalueofε.
1
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regimebeyondit.Wediscussbelowhowtheseaffectotherregions.
(2)Whenεdeviatesfromtherangenecessaryfortheperiodthreeclusterdynamics(orfbr
theperiodtwo-clusterdynamics),theperfectsynchronizationofmapsamongeachclusteris
nolongerrealized.Butwhatweobservedinthelastsubsectionisthatevenfbrsomelarge
deviationofεthemapsstillmoveロndercertaincoherenceifIVisbeyondthethresholdN6.
Suchcoherentmotionofmapscanbebestdescribedbyunstableguasi-clustersthedecaylife
ofwhichisgivenbytheinverseoftheexponentofthecorrelator.Themapsnowdivideinto
afewInassesatanyinstanceoftheevolution.Inashorttimescalethesemassesoscillate
mutuallyinthesameperiodicityasbefbreasweobservedinboththemapevolutionplot
andthecorrelator12.Butthevarianceofmappositionsamongeachmassisnotsosmalland
thesynchronizationofmapsineachmassisalsonotperfect.Hencewecallthesemasses
asquasi-clusters.Duetothefailofperfectsynchronization,thequasi-clustersmixeach
otherbytheexchangeofmapsandsoontheyloosetheiridentities.Sothequasi-clustersare
unstableandhaveshortlifetime.Butstillatanyins七anceofevolutiontheredoexistquasi-
clusters.Thequasi-clustersdefinedatacertaintimedecaybutintheevolutionofmaps
newquasi-clustersarekeptcreated.Wemayregardthesequasi-clustersasremnantsofthe
perfectperiodicmotionofmaps.Infactwhenweapproachtheperiodicregionsthedecay
exponentofthecorrelatordecreasessmoothly,thatis,thelifetimeofthequasi-clusters
increasessmoothly,signalingthephasetransitionfromturbulencetoperiodicity.
Inpureturbulencethesystemisinvariantundertheexchangeofmaps,whileinthe
systemofmapsdividedintoclustersthispermutationsymmetryisbroken.SimultaneoUsly
thesysteminpureturbulenceisinvariantunderthetemporaltranslation,whilethesystem
inperiodicmotion三sonlyinvariantunderthetemporaltranslationjustfbrtheperiod.
Theself-organizedstateofmapsinperiodicquasi-clustersemergesasthestateofbroken
symmetryfrompureturbulencebyaweakself-couplinganditemergesonlyfbrlargeIV.
12Notethatthequasi-clustersarehardlyseeninthereturnmapanalysisbecauseofthemixing.
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Thisisinterestinglyreminiscentoftheonsetoforderedparameteratthespontaneousbreak
downoftheglobalsymmetryinthefieldtheorywhereanin丘nitenumberofdynamical
degreeoffreedomisnecessaryinordertosupporttheorderedvacuum.See,fbrinstance,
Weinberg{191wherethebrokensymmetrystateofachairiselucidated.
Itisimportantthatthemapsinthequa£i-clustersapproximatelyf()llowtheprevious
clusterattractorinthelifetimeofthequasi-c桓sters.Thismeansthatthehndistr輌butionis
controlledbythescaleofthepreviousattractorapproximatelyandagaindeterminedbythe
α,εandthepopulationratiosandnotby/V.Thusthereemergesahndistributionwhose
MSDdoesnotdecreasewithIVandLLNisviolated,Dependingontherateofmixingand
theallowedpopulationratiosattheε,distributionsofvariousranksemerge.
(3)Ifthedeviationofεfromthenecessaryrangefbrperiodicclusterattractorlsnotlarge,
thefailureinthemapsynchronizationisnotalsolarge.Thequasi-clustersdecaybylowrate
mixingofmemberssothecorrelatorsurvivesfbrlongtimeexhibitingclearlytheperiodicity
ofthepreviousperiodicclusterattractor.Butthewould-bedelta-peaksofboththeaverage
mapdistributionandtheん 九distributionatnomixingnowchangeintooverlappinggaussian
distr三butionswithvisibleseparationbetweenthepeaks.Thesechangesofthecorrelator
andthehndistributionatsmalldeviationofεarepreciselywha七weobservearoundthe
first-classMSDpeaksandneartheupperboundaryoftheturbulentregimea(ljacenttothe
orderedtwo-clusterphase.
Withfurtherdeviationofεthemixingratebecomeshigher.Thecorrelatordecaysmore
quicklyandtheん.distributionbecomesfromrankthreetoranktwo-thedistortedgaussian
distribution.Weobservethiswhenwegodownfromthefirst-classpeakstotheregionof
εfuOorwhenweapproachthefirst-classpeakregionsfromabove.Inthefbrmercasethe
correlatorkeepsexhibitingtheperiodthreedampedoscillationevenifwegodownintothe
rankonehndistributionregion.Inthelattercasetheperiodicityofthecorrelatorbecomes
indefinitebelowεNO.1fbrα=1.90sincenaturallywearecomingdownfromtw(>cluster
エegimewithperiodtwototheperiodthreewindow,andwefinallyloosethetrackofa
periodicityremnant(ranktwodistribution)whenwegofurtherintothenarrowbandof
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rankonehndistributionregion.Thisisthegenuinehiddencoherenceregion.
(4)Theplacethehiddencoherencecanlivehasnowbecomeverylimitedsincewehave
improvedthesensitivitytothecoherenceeffect.Intheoldanalysis[2],thedistinction
betweenrankoneandtwodistributionswasignoredandneitherthechangeofthedecay
exponentofthecorrelatorwithεnortheperiodicityofitwasanalyzed.Theperiodicwindow
andthevalleyswerenotdiscussedalso.Thenthecoherenceseemedtolivehiddeneverywhere
intheturbulentregimeif/V>Nth.Now,boththeperiodicwindowwithmanifestcoherence
andthevalleyswithvalidLLNshouldbeexcludedfirstofall.Furthermore,intheregions
wherethecorrelatorhasclearlycaughttheperiodicityremnant,itisnolongerlegitimate
todescribethecoherenceashidden.Thus,regardingthecorrelatorthecoherenceishidden
onlyinalimitedregioninbetweentheperiod-threeandperiod-tworemnantregionsamong
thesecond-classMSDpeakregions.ThisistheregionwithεNO.06-0.1fbrα=1.90.
SeeTableIandEq.(5.2).Herethecorrelatordoesshowlongerdecaytime(10-3decay
within20-40steps)thanthatatεrvObutitdecayswithlargefluctuationshowingnolow
periodicity.Thisisnaturalfbrtheregioninbetweentwodifferentperiodicityregions.
Butnotonlythecorrelatorbutalsotheshapeofthehndistributionisavitalquantity
tokeeptrackofthechangethedynamics.Almosteverywhereinthepossibleresidence
ofthehiddencoherenceregardingthecorrelator,theん 冗distributionisranktwo(rather
thangaussian)andnaturallyunderstoodasthesmoothcontinuationoftherankthree
overlappinggaussiandistribution.TheCLTisapparentlyviolatedhereandthedistribution
isstillcontrolledbythescaleoftheattractor.
Therefbre,theplacewherethecoherenceisliterallyhiddenfromboththecorrelatorand
distributionanalysesisnowverylimited.ItisthenarrowbandatεreO.07fbrα=1.90
andaroundεNO.09-0.11fbrα=1.99wheretheんndistributionisreallygaussianwith
enhancedMSD(rankone)andthecorrelatordoesnotshowthelowperiodicity.Herethe
coherenceseenintheenhancedMSDcanbeonlysubstantiatedeitherbythefinitemutual
informationorbytheinstabilityoftheFPfixedpointdistribution.Butin(3)abovewe
successfullytrackeddownthesmoothchangeofdistribution(andthecorrespondingchange
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ofthedecayexponentofthecorrelator)withthedeviationofεfromrankf()urdowntorank
twodistributionregionswhichsurroundtheliterallyhiddencoherenceregion.Thisgivesa
newway・tolookatthehlddencoherence.Higherratemixingwithfurthersmoothdevlationコナ
of～ε亀should・necessarilyweakenthecoherenceamongthemapsandchangethedistorted
gaussian(ranktwo)tothegausslandistribution.Ifthescaleoftheattractorstillremainsto
goyernthemapdynamicstheh。distributionwithN-i旦dependentMSDwouldemerges.We'戸 `
proposethislaststatementasaworkinghypothesisfbrtheoriginofthehiddencoherence.
EAnAnalyticApproach
Uptothispointwehaveheavilydependedonthenumericalsimulation.Ourconcernis
thes七atisticalpropertiesofthelarge-sizeGCML(EGCML)andtheMonte-Carlosimulation
isnaturallythebasicapproachtothephenomenologyofsuchsystem.Wehaveshownthat
afaithfulextensiveanalysisofthedataunveilsamazingnewfeaturesofthesystem.'But,
ofcourse,ifbysomeanalyticalmethod,onecouldrelatethesystematicmanifestationof
',i
periodicityintheturbulentregimetotheperiodicbehavioroftheelementofthesystem,
namelytheperiodthreewindowofasinglelogisticmap,itw6uldbecertainlyastepf()rward
totherealunderstandingoftheturbulentregime.InthiS
,lastsubsectionwediscusssuch・)り.
ananalyticapProach.
LetusconsideratypicalcasewheretheNmapsaredividedintoequallypopulatedthree
clusters、4,B,0(NA=1VB=Nc=ノV/3)andtheclustersmovecyclicallyro皿dthethree
丘xedpositionsxl,x2,x3.InsuchamaximallysymmetricandperiodthreemotionofGCML
maps,ん(n),themeanfieldofallmapsattimenbecomesatimeindependentconstantwhich
isnothingbutanequalweightaverageん*ofxi(i=1,2,3).Toseethisletusfirstrewrite
themeanfieldusingtheinvariancerule(2.7)as
ん(・)≡講 ∫(姻)一;妄(・+1)・(…)
Thenfbrtheconfigurationincasethelastaveragecanbecalculatedas
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暗 ・(・+1)一己 。・・(・+1)-IS…ぽ ㈹
wherex∬(η)denotesthecoordinateoftheclusterIattimen.Therefbre,ifsuchaconfigura-
tionisproducedbytheinteractionbetweenthemapsviathemean丘eld,anyoneofGCML
mapsmustbeevolvingbyacommonevolutionequation
Xi(γ轟十1)=(1一 ε)∫』(Xi(n))十εん寧(i=1,…,ハ1)(5.6)
Wecancasttheevolutionequation(5.6)withaconstantmeanfieldh'andfa(x)=1-ax2
toasimplelogisticmap
'
yi(n十1)=1-b(yi(n))2・(i=1,一・,N).(5.7)
withareducedcouplingconstantbbyalinearscaletransfbrmation[20】
'・1(・)-
1鷲 か ・(…)
Thereductionraterisg三venby
b
r≡ 一==(1一 ε)(1一ε(1一九*)).(5.9)α
Theper三 〇dthreewindowofthelogisticmap(5.7)startsatb=7/4=1.75bythe
tangentbifurcationandafterthesequentialbifurcationitclosesatbN1.7903bythecrisis.
Therefbrethereductionrateアmustbef()rα=1.90intherange
O.921≦ γ・≦0.942(5.10)
andatagivenraterwithinthisrange,(5.9)givesacurveofconstraintontheε 一 九章plane.
Thereisanotherconstraintf拍mself-consistency。EachofthemapsYiisrelatedtothe
GCMLmapsxibythelineartransformation(5.8)andsoistheaveragevaluey*ofmapsy↓
toん 傘=
・・≡;妄 一1÷ か・(・ ・11)
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Sinceピissimplyanequalweightaverageoftheperiodthreestableorbitsof(5.7),itcan
beestimatedsolelybythepropertyofthelogisticmapwithoutanyrecoursetotheGCML
evolutionequation.F()rinstanceatthetangentbifurcationpoint(b=7/4,r=0.921),we
have
f・(f・(f・(・)))一-b6(f・(・)-y)(n二、(y-・i))2 (5.12)
andfrommatchingofthecoeMcientsweobtainy'=1/(3・26)=2/21.Numericallywefind
thaty皐xO.25slightlybelowthethreshold(ア=0.91),dropssharply(y串(×∨π==石)to
y'=2/21=0.095atthethreshold(r=0.921),andy寧graduallychangesaroundO.08until
theendofthewindow(r=0.942).Byeliminatingん奉from(5.9)and(5.11)weobtain
・-1一 芸 一(r(1-y')+(「多)・)き.(・.13)
Thee・ti.at6a・f・・α=1.90丘 ・m(5.13)i・
?
?
?
?
ε=0.0523
ε=O.0422
ε ニ0.0365
ε=0.0305
?
?
?
?
←
?
←』
?
?
?
?
(b,r,!ノ寧)=(1.730,
(b,r,3ノ*)==(1.750,
(b,r,yっ ニ(1.769,
(b,r,!ノ*)=(1.790,
0.910,
.921,
0.931,
0.942,
.250)
0.095)
0.070)
0.080)
(5.14)
TheestimatesA,B,CandDareevaluatedrespectivelybelowthethreshold,atthethreshold,
atthefirstbifurcationpointatthemiddle,andattheupperedgeoftheperiodthreewindow
intheorderofincreasingb.
Beforecomparingwiththesimulationresultweshouldnotethatamaximallysymmetric
configurationofequallypopulatedthreeclustersinperiodthreemotionisassumedinderiv-
ing(5.13).Thus,thevaluC.ofεnecessaryforsuchaconfigurationshouldbededucedfrom
thegen血elyperiodthreeregion,namelyfromtheintervalfromBtoC.Wecanpredictthat
εmustbeintherange(0.0365,0.0422)fbrthefbrmationofsuchamaximallysymmetric
GCMLcon丘guration.Forsuchacon丘gurationthemean丘eldshouldnotfluctuateintime
anditwillshowupasadeepvalleyintheGCMLMSDsurface.Wehaveaddedtwoexterior
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estimatesin(5.14)expectingthattheseextensionswlllcovertheasymmetricallypopulated
clustersinperiodthreemotion.
Nowletuscompare(5.14)withtherangeoftheperiodthree丘rst-classpeaksfbundln
SectionVB,namely,ε ∈0.032-0.034andε ∈0.042-0.054.
Firstlythereisaremarkableagreementbetweentherangeofpeaksandtherangeof
estimatesAtoDin(5.14).Thewholeperiodthreewindowofasinglelogisticmapshows
upasthewholefirst.classpeaks.AclosercomparisonwiththeobservationsinsectionVD
givesfurthersupportf〈)rthelinkofthestructureobserved三nthenumericalsimulat三〇nand
theperiodthreewindowofthelogisticmap.
1WenotedthatinthedeepvalleyoftheMSDsurfacebetweenthetwo丘rst-classpeaks
theformationofthreeclustersinperiodthreemotion.Thevalleyregion(0.034,0.042)
remar]kablymatchestheaboveest三matedrange(0.0365,0.0422)fbrthemaximallysym-
metriCCOnfigUratiOn.
2Wenotedthatintheupperfirst-classpeak(ε ∈0.042-0.054)themapsalmost
alwaysfbrmonlytwoclustersinperiodthreemotion.Itisnaturalthatthelargerε
reducesthenumberofclustersfromthreetotwo.Aswenotedtheextremelyhigh
MSDinthefirst・ ・classpeakisinducedbytheasymmetricpopulatidnconfiguration
(1Vン1N/VBNN/2,Ncニ0).
Furthermorewehaveverifiedbysimuiationthatthefirst-classpeakregionsshifttohigher
εwhenαisincreasedpreciselyinaccordwiththepredictionby(5.13).
Itisremarkablethatthemapswithhighnonlinearityaredrivenintocoherentsynchr(>
nizingclusterswithverysmallinteractionparameterεonceittakesthetuneupvalue.Alot
offurtherefforthastobedevotedtofullyappreciatetheimplication.Theanalyticapproach`
hereisonlyastepfbrwardtothisdirection.Asurveyoftheoverall・relationofpeak-valley
structureoftheMSDsurfacetothehierarchicalwindowsofasinglelogisticmapaswellasく
thedynamicalvariationofthepopulationconfigurationisnowunderway.
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VI.CONCLUSION
InthisarticlewehaverevisitedtheGCMLandfirstresolvedthepuzzleoftheposi-nega
switchrealizedthetw(》clusterphase.Thepuzzlewasthatthemapspossesthememoryof
theclustertowhichtheysubjecteventhoughtheypassthroughatransientchaoticprocess
wheremanychannelsareopen.Wehaveprovedthatmapsnevermixacrossthemean丘eld
oftheminthetransientprocess.WehavethenanalyzedtheturbulentreglmeofGCML.
Todatethes(>calledhiddencoherencehasbeenthemaintargetofinterestinthisregion.
Wehavepresentedournew丘ndingthatthereexistsaremarkableperiodthreeattractor
regionsillthisregime.Theturbulenもregimelocatesin-betweenthegenuinelyturbulent
regionaroundε=Oandtwo-clusterregimeofperiodtwoattractorandhasthisperiod
threeattractorregionsinthecenterofit.Wehaveshownthattheremnantoftheperiodic
coherencecanbefbundalmosteverywhereintheturbulentregimebythemeasurement
ofthetemporalcorrelatorofthe且uctuationofmapsaroundthemean丘eldandbythe
extensiveanalysisoftheんπdistributionsoverthewholeturbulentreg三me.Thedynamics
oftheturbulentregimecanbewelldescribedbythequasi-clusterswithmixingofelements
betweeneachother.Thehiddencoherencemayberegardedthemostmodestmanifestation
ofthisremnantperiodicity.Byananalyticapproachwehaveshownthattheprominent
periodicitymanifestat三〇nin heturbulentregime,iscausedbytheperiodthreewindowofa
singlelogistiCJIIap・...'c・ ・ .二
Anewextendedgloballycoupledmap,lattlce(EGCML)三s.cgnstructedinwhjchthein-
teractionbetweenmapsdecreasesproportionally、tothCdistance.EGCMLatd=2.hasthe
samephasediagramwiththatofGCML.Thebifurcationtr㏄structureoftheattractorof
EGCMLinthetwo-clusterregimeisalsothesamewiththatofGCML.Themapsineach
EGCMLclusterarephasesynchronizingratherthansynchronizing.Theposi-negaswitch
betweenthetwoclustersisrealizedalsoinEGCMLInthechaotictransientprocessin
EGCML-switch,formationofamazingspatialclustersofmapsisobserved.EGCMLmay
beviablefbrthesimulationofchaoticdi血sionprocess.Wehavealsoshownthatthetur－
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bulenceregimeofEGCMLisalsonotimmunefromperiodicityjustlikeGCMLturbulent
regime.Asawholethisworkisanexplorationoforderinthechaos.Theposi-11egaswitch
inGCMLisrealizedbecausethereoccursnomixinginthechaotictransientprocess.Inthe
chaotictransientprocessinaEGCML-switch,interestingspatialclustersareformed.And
theturbulentregimeofbothofGCMLandEGCMLisdominatedbythequasi-clustersof
mapsinperiodicmotion.
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TABLES
TABLELThevariousperiodicitymanifestationintheturbulentregimeofGCML(α ニ1.90
andハ 」ニ1000).NotethatineachrangeofεtherearealsovalleyswithanapproximateLLNalong
withlistedpeakswiththebrokenLLN.
ε 「eglonname rankofhndistributionac rrelatorperiodicity
0.01-0.032
0.032-0.054
0.054-0.06
0.06-O.1
0.1-0.15
thesecond-classpeaks
the箭rst-classpeaks
‡e
thesecond-classpeaks
thesecond-classpeaks
1,2
3,4
1,2
1,2
1,2
[3]b
3c
[3]b
[?】d
[2]b
"rankO:gaussianwithLLN
,1:gaussianwithenhancedMSD,2:distortedgaussianwith
enhancedMSD,3:visiblepeaksontopofabroadband,4:sharppeaks.
bThecorrelatorexponentiallydecaysexhibitingtheperiodicityintheparenthesis.The
dynamicscanbedescribedbyunstable'quasi-clustersinperiodicmotion.
cThecorrelatordoesnotdecayandoscillatesinperiodthree:Theperiodicwindow.
dThecorrelatordecaysexponentiallywithlongerlifetimetha
nthatatε=Obutnolow
periodicityisobserved.'
eAslantingsurfacebetweenthefirstandthesecond-classpeak.
・'-'+'エ
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Fig.1(a)ThephasediagramofGCMLasdeterminedbyNニ10001atticewith1000random
initialconfigurationsforeach(a,ε).(b)ThatofEGCML.N=39×39andtypically200
configurationsforeach(a,ε).
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Fig.2Leftbox:TheGCMLtwo-clusterdynamics.Thetwoclustersevolverepeatingmapping(solidarrows)andinteractio6(dashedarrows).The
meanfield(ashortsolidbar)ofmapsisdeterminedbytheratioθand1一 θ.Theinteractionpullstwoclusterstothemeanfieldatarate1
一 εandhencethemeanfieldisunchanged
.Rightbox:TheperiodfourattractoroftwoGCMLclustersatα=1、98,ε=O.3.Theblack(white)
circlenearertothemeanfieldisthemajority(minority)clusterwhichinvolves43(57)percentofmaps.If%=even(odd),thewhite(black)
circleisnamedasthepositiveclusterwithθ=0.43(0.57).
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Fig.3Theself-organizedattractorsata・1.98andεニ0.3.(a)GCML:Allmapsxi(n),i=1,
… …
,1000from1000randominitialconfigurationsareplottedatthepositionofthe
fractionofmapswithxi(n)>x*foriterationstepsn=10000,…,10512(b)EGCML:
N=51×51mapsfrom4000initialrandomconfigurations.TheperiodicityT(≦26)of
thesetofmapsismeasuredusingtheludgmentconditionΣ竺1(xi(n十T)-xj・(n))2<10-6.
Mapsaresampledonlyforthefirstonecycleoftheperiodandthepointswithdensity
lessthanonepercentofthemaximumareremovediftheyfallintoaperiodicattractor.
OtherwisejustasinGCML.Theformergivesthepartwithθ ∈[0.39,0.61]andthe
lattetherest.(c)Theattractorofthematrix-coupledtwomapssampledforn=1000q,
… …
,.10512withtheparameterθvaried.
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Fig.4Thetransitionfromperiodicattractorsintothechaoticintermittentprocess.TheGCMLwith2V=50anda=1.90,ε=0.3.
20.Thetwoclustersoscillateoppositelyinphaseuntiltimenl.Bothclustersstartthegrandchaoticmotionat物,i.e.
cluster(dashedlime)crossesthex'line. ,
ThethresholdisNth=
justaftertheminority
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Flg.5ThelogisticmapandtransitionfromperiodictochaoticevolutionWhenaminorityclusterispulleddownacrossx*fromregionIIItoIIbythe
majorltycluster,bothclustersaremappedtogetherintoreglonIII(theleftbox).Thenafterasmallcontractionbyinteractiontheyareagain
mappedtogethermthesamedlrectionandthequasrcoherentgrandchaoticmotionstarts(therlghtbox)
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TheGCMLposi-negaswitchmechanism
inallfigures.(a
attractorateven(odd)
thewhole,theevenando
afterthechaotictransition.
thecountoftheparity(evenandodd)
inGCML(N=50,aニ1.98,ε=0.3).
displayedasasurfaceplot.
peaksandvalleysofthesurfacevia
oscillatingsurfaceishorizontalatany
tranSientproceSS.(c
theirmeanfieldinsteadofx*.
themeanfield、
)Thetypicalposi-negaswitchinGCML
stepsisshownintheupPer
dditerationstepstogether
Thearrowspointoutthatposi-negaswitchisachangein
ofiterationsteps.(b)Atypicalposi-negaswitch
Evolutionofmapsateveniterationstepsis
Theposトnegaswitchisseenasthetotalswappingbetween
thechaotictransientprocess.Thechaotically
instancereflectingthequasi-clusteringinthe
)ThesameGCMLswitchwith(b).Themapsaredistinguishedby
Theprint℃ircuitpatternshowsnomixingofmapsacross
eo100120】L40
Theiterationstepsaredenotedinunitoftwo
(N=60,aニ1.98,ε==O.3).The
(lower)diagram.Theattractoron
,ispreciselythesamebeforeand
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Fig.7(a)AnEnEGCMLswitchwith25×25maps(α=1.9,ε=0.3)fromarandom`st4rt.Intheupperdiagram,black(gray)1inesconnectmapsateven
(。dd)、t。p,andarr。w、i。di、at,th。、wit、h.L・w・・b・xessh・wthesn・p・ 品t…f・t・h・.1・tちiCeattheev・nit・・ati・n・t・p・i・dicat・dbyth・v・・tical
b。,sre、pecti。。1y.1。th。upP。,arrayp。,itiveand・g・ti・m・p・a・edi・ti・9・i・h・dh価 ・mδanfi・ld《 ・(n)》whil・i・th・1・w・・arraybyth・x*.
Theformerexhibitsthepercolationformationofself-organizedspatialclustersbysynchronization.Betweenthesnap-shots4and8thespatial
clustersundergoposi-negapatternswitch.(b)AsampleofclusterformationinthelargeEGCML(ノV=61×61,a=1.9,εニ0.3)bythedistinction
bythemeanfield.Aremarkablepatternlikeglobularnebulaisseen.
Phenomeno1ofGloballCouledMaLatticeanditsExtension
(a)
MSD
-110
10-2
10一
12
0
(b)
MSD
lO-1
lO-2
10'
12
O
Fig.8MSDsurfacesofmeanfieldfluctuationof(a)GCMLand(b)EGCMLata=1.900verthe
・ ε一 」Vgrid.Thepeaksreflectnon-trivialcoherencebetweenmapsintheturbulent
reglme.
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Fig.9Therankdistributiononthe2V－εgridata=1.90asagray-scaledensityplot.(a)GCML,
(b)EGCML.Therankvariesfromzero(black)torankfour(white).Anapproximate
estimationcurveforthethresholdNe(Neoo1/ε2)issuperposed.
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Fig.10TheGCMLhndistributionsampledin105iterationsfromrandomstartdiscardingthefirstIO4stepsusing1000bins
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ω(b)(c)(d)
N=103GCMLwitha=1.90、Thevariationofdynamicswiththechangeofthecoupling
εthroughthefirst-classMSDpeakregions.Allquantitiesinarowaremeasuredinthe
samerun(105iterations)andthescalesforeachcolumnaregiveninthetopboxate=
0.Forε=0.032twosamplerunsareshown;inthelower,mapsfellintoathreecluster
attractorinperiod-threemotionafter8×IO4iterations;intheupper,theysurvivedin
quasi-randommotionover105iterations.(a)Themeanfielddistribution(markedash)
sampleddiscardingthefirstIO4transientstepsandthemapdistribution(x)averaged
overthelast2×103steps.(b)Clusteringpattern.Thelinesshowtheevolutionof
randomlyselected100mapsforthelastsevenstepsandtheblackcircleisthemeanfield
ofallIV=1000maps.(c)Temporalcorrelatorbetweenthetworelative-coordinate
vectorsofmaps.Averagedoverthelast103steps.Belowandslightlyabovethefirst
-classpeakregions(theperiodicwindow)itdecaysexponentiallyexhibitingtheperiod
threemotionofquasi-clusters.Approachingtheperiodicwindowthedecayexponent
smoothlydecreases.(d)Thereturnmapsforthesameperiodas(c}.Lesssensitiveto
thequasi-clusters.Thearrowsindicatethevisibleperiodthreequasi-clusters.
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